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ABSTRACT

In this paper, the Neumann-Dirichlet boundary problem for a system of nonlinear vis-
coelastic equations of Kirchhoff type with Balakrishnan-Taylor term is considered. At
first, a local existence is established by the linear approximation together with the Faedo-
Galerkin method. Then, by establishing several reasonable conditions and suitable en-
erqy inequalities, the solution of the problem admits a general decay in time.

Keywords: System of viscoelastic equations, Kirchhoff type; Balakrishnan-Taylor

term; Faedo-Galerkin method; General decay

1 Introduction

In this paper, we consider the initial-boundary value problem for a system of viscoelastic equa-

tions of Kirchhoff type with Balakrishnan-Taylor damping as follows

( t

vy — pi2 ([|vs (t)H2) Vga + AoUp + /0 g2 (t — 8) g (8) ds
w(0,t) = u(l,t) = v, (0,¢

L) = t):O,
[ u(2,0) = 1o (2), w(x,0) = @

(1,

it — Ntaat — [0+ pi1 (1 (£) , g ()] s + Attig + / o1 (t — ) s (5) ds
0
= fi(u,v) + Fy (z,t),0<xz<1,t>0,
t

1
), v(z,0) = (), ve(z,0) = 01 (x),

(1.1)

= folu,v) + Fy (z,t), 0 <x <1,t>0,

where A, Aj, A9, u. are given positive constants and wg, 0o, U1, U1, fi, fi, gi, (i = 1,2)
are given functions satisfying some conditions specified later. In (1.1), the nonlinear terms

pi1 ((ug (£) , uge (8))) and pis (JJvg (t)HQ) depend on the integrals

1ty (1) 11y (£)) = /0 ey (2, ) e (2, ) da
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1

1> = [ 2 (x,t)dz respectively.

named the Balakrishnan-Taylor damped term and ||v, ()

0

It is well known that the mathematical models of Kirchhoff-type equations come from de-
scribing small vibrations of an elastic stretched string. The original equation is first investigated
by Kirchhoff [16] and modelled in the form

En [t
phuy = | Pp+ — uy (Y, ) dy | Uge, (1.2)
oL J,

where u = u(z;t) is the lateral displacement at the space coordinate x and the time ¢, p is
the mass density, h is the cross-section area, L is the length, F is the Young modulus, F,
is the initial axial tension. Until now, numerous problems of Kirchhoff-type wave equations
associated with various boundary and initial conditions have been studied extensively, see [5],
(7], [18], [19], [24], [28], and the references therein.

The system (1.1) is regarded as a combination of the Kirchhoff-type wave equation and the
equation with the Balakrishnan-Taylor damping (u,(t), u.(t)), in which the original equation
of (1.1); was first proposed by Balakrishnan and Taylor in 1989, see [1], modelling for flight
structures with viscous and nonlinear nonlocal damping in one-dimensional case

L
/ Uy Ugp AT
0

where u = u(z,t) represents the transversal deflection of an extensible beam of length 2L > 0
in the rest position, o > 0 is the mass density, F is Young’s modulus of elasticity, I is the
cross-sectional moment of inertia, H is the axial force (either traction or compression), A is
the cross-sectional area, ¢ > 0 is the coefficient of viscous damping, 7 > 0 is the Balakrishnan-

QU + Ejuxa::ca: — ClUggt

L EA
2L J,

L 2(N+n)
lug|” da + 7

L
/ umumdm] Ugy = 0, (1.3)
0

1
Taylor damping coefficient, 0 < 7 < 1, 0 < 7 < 5 and N € N. The equation (1.3) seems

to be related to the panel flutter equation and spillover problem which studied by Bass and
Zes in [2]. In recent years, the equations with the Balakrishnan-Taylor damping have been
received a large amount of interest, in which properties of solutions such as stability, decay and
blow-up in finite time have been considered, see [3], [4], [8], [11]- [15], [17], [22], [24]- [27] and
the references therein.

An important question of asymptotic behavior of solutions was raised by Clark [6] that the
solutions of the proposed problem with a damping in the form A%u, were exponentially decayed
when the time ¢ went to infinity. In [25], Tatar and Zarai considered the initial-boundary value
problem

t

Uy — (fo +& HVu(t)H2 + & (Vu(t), Vut(t)>) Au + /0 g(t — s)Au(s)ds

= |u|" u, in Q x (0, +00), (1.4)
u(x,0) =ug (z),u (,0) =uy (z),2 € Q,
u(x,t) =0,t>0,2 € 00

and proved a result of exponentially decayed energy of the solutions provided by the fact that
the kernel was decayed exponentially. After that, the results in [25] have been improved in [29],
in which the authors have proved a polynomial decay provided by the relaxation function

g decaying polynomially and satisfying the condition ¢’ (t) < —£ (g (t))H% (¢ is a positive
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constant). In [27], Tavares et al. used the theory of Cy—semigroup to study the well-posedness
and long-time dynamics of a class of extensible beams with nonlocal Balakrishnan-Taylor and
frictional damping

U+ A*u— [+~ IVull2 4 6 |[(Vu(t), Vu ()% (Vu(t), Vu(t))] Au+ kug + f(u) = h, (1.5)

where (z,t) € Qx R, , and boundary conditions Dirichlet-Newman. In the case that Balakrishn-
an-Taylor terms appear in both hand-side of the equation, Ngoc et. al. [23] investigated the
following strongly damped wave equation

e — Mtz — p (8, (1 (1), e (0)), [[u()” la (8)]) e
= [z, t, U, ug, ug, (ug(t), uge (1)), Ju ()], ua(®)|]), 0 <z < 1,0 <t <T.

By using the linear approximation combined with the Faedo-Galerkin method and the weak
compact method, the authors proved the unique local existence of weak solutions. In addition,
in the case u = B (||ux(t)\|2)+a ((ug(t), uze(t))) and f = —Ajw+f (u)+F (x,t), they put several
suitable hypotheses and sufficient conditions for the nonlinear function o(-,-) of Balakrishnan-
Taylor damping to obtain an exponential decay of solutions.

Although, there have been numerous published results of single equations with Balakrishnan-
Taylor damping, studies on system of equations with Balakrishnan-Taylor damping have re-
cieved little attention. It seems that the first result of system of equations with Balakrishnan-
Taylor damping has been considered by Mu and Ma [22], of which the proposed model has
described as follows

(1.6)

( t
Ugy — (a +b||Vu(t)|? +U/ VuVutdx) Au —i—/ g1(t — s)Au(s)ds = f1(u,v),
0 0
t (x,t) € Q@ x Ry, (1.7)
Vg — (a +b||Vo@)|? +0/ VvVvtdx) Av +/ g2(t — 8)Av(s)ds = fo(u,v),
0 0
\ (Q?,t) € 1 x R+7

where () is a bounded domain in R"; a, b, o are given the positive constants. By the energy
method, the authors obtained an arbitrary decay of solutions according to the relaxation func-
tions g; satisfying ¢} (t) < —&(t) g; (t),(: = 1,2), where & (f) is a positive and non-increasing
function. Recently, Nam et al. [20] have considered a system of asymmetric wave equations
with Kirchhoff-Carrier and Balakrishnan-Taylor terms, namely

Upt — Mgy — f1 (8, (Ug (F) , gt (1)) Uge = f1 (2,8, 0, 0, Uy, Vg, U, V1)

Vg — fo (t, |lv (t)H2 ||V (t)H2) Vzz = fo (2,8, 0,0, Ug, Vg, Ug, V), (1.8)

(x,t) € (0,1) x (0,7),
associated with Robin-Dirichlet boundary conditions. The authors have proved the existence
and uniqueness of local solutions established by the Faedo-Galerkin method and the argu-
ments of compactness. Furthermore, the exponential decay of solutions has been also studied.
However, the general decay of solutions of (1.8) has not been studied.

In light of the aforementioned works, we inherit the methods and techniques used for [20]
and [23] to establish the existence and uniqueness of local weak solutions of the problem (1.1).
In additon, for certain class of relaxation functions and certain initial data, we prove that
the decay rate of the solution energy is similar to that of relaxation functions which is not
necessarily of exponential or polynomial type. Our paper is organized as follows. In Sect. 2,
the existence and uniqueness of local weak solutions of the problem (1.1) are established. In
Sect. 3, by adopting and modifying the method of [20] and [23], we show the statement and
the proof of our general decay result.
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2 Main results

2.1 The existence and uniqueness theorem

In this section, we shall study the existence and uniqueness of weak solution for the problem
(1.1).

Definition 2.1. The weak solution of the problem (1.1) is a pair of functions (u,v) belonging
to the following functional spaces

{(u,v) € L=(0,T; (Hy N H?) x (VN H?)): (u',v") € L%(0,T; (Hy N H?*) x V),
(u”,v") € [L*(0,T; Hy) N L>®(0,T; L*)] x L>(0,T;L*)},
and satisfying the following variational problem

( (U (t), ¢) + Mu, (t) ,¢x>t+ fin [u] (8) (ug (1), a) + Ay (' (1), B)
—Am@—$%@%®ﬁ+mMM®+E@¢%
| @ 0.8+ lel () (e (6), 0 + 0 (o (8), ) 24

=Am@%WM$@W+%MM@+B@ﬁ%

\

for all (¢, gf;) € HJ x V, together with the initial conditions
(u(0), v (0)) = (to, @), (v(0),v"(0)) = (To, 1), (2.2)

where V. ={v € H' : v (1) = 0} and

{ fir [u] (8) = o + g1 ((uz (2) 0l (£)))
fi [uav] ($,t> i € ) 1

We make the following assumptions:
(Hl) (fbg,ﬁo) S (H& N Hz) X (V N HQ), (ﬂl,’ﬁl) S (H& N H2) x V and Vox = O,
(H,) p1 € C*(R) and there exist a positive constant p1, < . such that

p (y) = —pas, Vy € R;

(H;) w2 € CH(Ry) and there exist g, > 0 such that us (2) > po., Vz € Ry;
(H,) ge€H Ry),i=12
Hy) fieC'(R?),FeC (0,1 xR;)i=1,2.

For each T' > 0, we denote

Vi = {(u,v) € L= (0,T; (Hi N H?) x (VN H?)):

(') € L= (0, T; (HE O H2) x V), (u", ") € L2 (0, T HY x L)}, (24)
is a Banach space with respect to the norm
[ (u, U)HVT = maX{H(u, U)HLoo(o,T;(HgmH2)x(va2)) ) (2.5)

10 oo oz« D0 W o) -
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We note that
Wi (T)={(u,v) € C°([0,T]; Hy x V)NC" ([0, T]; L* x L*) : w'eL* (0,T; Hy)}  (2.6)
is also a Banach space with respect to the norm (Lions [21])

||(U>U)||W1(T) = ||u||00([o,T];H3) + ||U||CO([0,T];V) + ||U,||CO([0,T};L2)
+ HUIHCO([O,T];LQ) + Hu/HLQ(O,T;Hé) : (2.7)
For every M > 0, we put

W (M,T) = {(u,v) € Vp: [(u, )]y, < M},

Wy (M, T) = { (u,v) € W (M,T): (u",0") € L= (0,T: L2 x L2)}. (2.8)

Now, we establish the following recurrent sequence {(tum, V) }men. The first term is chosen
as (ug,v9) = (0,0), suppose that
(Um—1,Vm—1) € W1 (M, T), (2.9)

we associate (1.1) with the following problem.
Find (wp,, vy,) € Wi(M,T) (m > 1) which satisfies the linear variational problem

(t (1)) + et (£), 82+ Frn (1) (s (£).,02) + Aa (i (1), 6)
—(Fun (.00 + [ 016 5) s (5) )
(W (), 6) + ram (1) (Ve (£) 62 ) + Ma(0, (1) ) (2.10)

t ~

— (Fon (1).6) + / go (t — 5) (vme (5) , Bu)ds,

\ (um (0> 7u;n (O>) = (aOval) ) (vm (O) 7U;rt (O>> = (60761) )

for all (¢, ) € HL x V, a.e. t € (0,T), where

(

Fam (£) = ps + 1 [Wm—1] (€) = g + 11 (Ve (8), Vur,_ (1)) (2.11)
fam (1) = g2 [Un—1] (1) = o (Hva L (0],
Fim (2,t) = fi [um—1,Vm—1] (2, 1) + Fj (2,1)
= fi (Um—1 (z,t) , 01 (2, 1)) + F; (z,t) ,i = 1,2.

Then we have the following theorem that confirms the existence and uniqueness of solutions.

Theorem 2.2. Let (H,) — (H;) hold. Then there exist constants M, T > 0 such that:

(1) For (ug,vo) = (0,0), there exists a recurrent sequence {(up,, vm)} C Wi (M,T) defined
by (2.9)-(2.11).

(i1) The recurrent sequence {(Um,vm)} converges strongly to a pair functions (u,v) in the
space W1 (T') and (u,v) € Wy (M, T) is the unique weak solution of problem (1.1). Moreover,

we have the following estimate
(s vm) = (w V)|, () < Cr K7, for allm € N, (2.12)

where Kp € [0,1) and Cr is a contant independent of m.
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Proof. Using the Faedo-Galerkin approximation combined with the Banach fixed point prin-
ciple, and then performing appropriately priori evaluations and weak compactness arguments,
we prove the existence of a linear approximate sequence {(tum, Vm)}tmen € W1(M,T'). Next, we
prove that {(wm,, vm)}men is a Cauchy sequence in Wi (T), which converges to (u,v) to be the
weak solution of (1.1), and also satisfies the estimation of convergent rate as in (2.12). Finally,
the uniqueness of the solution is proved by Gronwall’s lemma. The detailed proof is the same
one as in [20], [23]. Therefore, we omit the details here. O

2.2 General decay of the solution

In what follows, we prove that if

150212 1
Ll ||aoz\|2+/ o (2) dz—p/ F (o (), 0 (x)) dz > 0, with p > 2, and if the intial energy
0 0

E(0) and || Fy(t)]|> + || F»(2)||* are small enough, then every global weak solution of the problem
(1.1) is generally decay as ¢ — +o0o. For this purpose, we strengthen the following assumptions
(Hl) (ﬁo,@o) S (H& N H2) X (V N H2> , (’111,171) € (H& N H2> X V, and ﬁgx = O,

(H,) p1 € C*(R), and there exists the positive constant 1. < p. such that
o D mly) =z ey eR, (i) yualy) 20, Vy €R;
(Hy) po € CH(Ry), and there exist the positive constants o, x. such that
Y
(1) p2(y) > poe, Yy >0, (i) ypo(y) > X*/ pa(z)dz, Yy = 0;
0
(Hy) ¢ € C'(R,,R,) such that

Q) L. :min{u*—/ooogl (s) ds, m*—/ooom (s)ds} -0,

(i) there exists the function £ € C'(R,) such that
€10) <0< €(0), g/ () < ~€(0an (1) < 0. %20, [ €(5)ds = oc
_ 0
(H;) There exist the function F € C*(R* R) and the constants a, 3 > 2,
dy,dy > Osuch that

. OF OF )
(1) %(u,v):fl(u,v), %(u,v):fQ(u,v), v(“?”) ER»

(i) wfi (u,v) +vfo (u,v) < dyF(u,v), V(u,v) € R,
(i) F (u,0) < dy (|u|“ + W) , V(u,v) € R,
(Hy) Fi, Fy € L™ (Ry; L*) N L' (Ry; L?) such that there exist two constants
Co, 7o > 0 satisfying | F1(t)|)° + | Fo(t)||* < Coexp (—yot), ¥Vt > 0;
_ d « d
(H,) p> max {Q,dl, —1} and X1 <1--2,

X Hos p
From Theorem 2.2, the problem (1.1) has a local weak solution (u,v) such that

(u,v) € C([0,T); (Hy N H*) x V)N CY([0,T); Hy x L?) (2.13)
NL>®(0,T; (Hy N H?) x (VN H?)),
(W',v') € C([0,T); Hy x L*) N L=(0,T; (Hy N H?) x V),
(u”,v") € L>®(0,T; H* N H}) x L>=(0,T; L?).

Consider the Lyapunov functional as follows

L(t) = B(t) + 60(t), (2.14)
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where 6 > 0 is chosen later and

B0 = (WO + 1O + (5= ) [t + (o2 000 + E@)] + 100,
B 6) = (= () o0 = 32 () Lo O + | "

I(t) = (g1 *u)(t) + (g2 x v)(¢ /]—“ (x,t),v (z,t))dz,
gdﬂ:ilzﬂ$d5(%*W@%:ASh@—ﬁﬂ%()—ud)H% -2

A1

() = (W), u(d)) + (v'(1), v(t) + %Hum(lﬁ)ﬂ2 + 5 @ + X 5 oI

Then, we have the following estimate for E'(t).

Lemma 2.3. Let (u,v) be a weak solution of (1.1). Then, the energy functional E(t) satisfies

(i) E'(t) < % (E @O+ E @01 + % (1EL @)+ 1E2 @)1 (Il @1 + 1o (@)17)

(i) B (1) < Ao, ()1 = (A = ) (! )1 + ! 1)) (215)
— €0 [ #0) (1) + (g2 0) (O] + 5—(0),

for all &1 > 0, where A, = min {\y, Ao}, p(t) = || Fy (O)|]° + || F2 (2)]|* .
Proof. Multiplying (1.1); by «/(x,t), (1.1)s by ¢'(x,t) and integrating over [0, 1], we get

E'(t) = = [l (O] = Ao [l ()I° = M, ()] (2.16)
Lk 2 ) (1) + (5 ) (0] — & (on () a0+ 2 () 2 (0)P)
= (ua(t), up ()1 ((ua(t), w (1)) + (F1(t), u'(2)) + (F2(1), v'(1)).

On the other hand

+

(Fa(t), (1)) < % 1EL ()17 + % I ()11 (2.17)

1 €
(Fy(t),v'(1)) < % 1B ()1 + = IV ()7, Yer >0,

2

0 < (ua(t), g ()1 ((ua(t), ug (1))

1

% (g1 % w) (&) + (g2 % 0) ()] < =5 [€() (91 % ) (8) +£(F) (g2 % v) (1))

then it follows from (2.16), (2.17) that the inequalities (2.15) are valid. Lemma 2.3 is proved. [

Now, putting

R ((ZP—EL)/ £~ (B0 + 30) e (0). o= [ (1B @)+ 150l

we obtain the following lemma.
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Lemma 2.4. Assume that (H,) — (H;) hold. Let (i, %) € (H*N H}) x (H2NV) such that

I1(0) > 0 and the initial energy E(0) satisfies
( (i) §1 (00) + didy max { RS2, RO} < i, — puns,

(i) (1 — @) g1 (00) + ﬁgz (00) + dydy max { R?~2, RI—2}
g n 51#2*

1%

5 (00) + didy max {Rf_Qa RE_Q}

p
_ d d
(1v) Gz (00) + dyid; max{Rf—{Rf%} < <§1 +1- le ) Loy,
([ (v) n* = L. — pdy max (R, R?7%) > 0.

Then I(t) > 0, for allt > 0.
Proof. By the continuity of I(t) and I(0) > 0, there exists T' > 0 such that
I(t) = I(u(t),v (t)) > 0, Vt € [0,T].

It is easy to see that
= 2 2
E(t) = Lu (u (01" + e (0)]7) -

From (2.19) and (2.20), this implies that

£) = & (WO + WO + L2225 (o) + o)) v e o.7)

-2 2p

Using Lemma 2.3, (2.21), and Gronwall’s inequality, we obtain

2pE(t) < 2pE,
(p=2)L: = (p=2)Ls
[ + 0 (0] < 2 (1) < 2., Vi € [0,7]

(O] + lloa(O* < = RZ, vt € (0,7,

Then, from the assumption (Hs,(iii)) and (2.22), the result is

p [ Flulen)o0)de < pd (@l + OI)

< py (lua(0) + Joa(8)]°)
< pdi (R || + B2 ee(®)I)
< pdymax {R272 B2} (Jua (O] + o (0)])

Therefore, we get
L) = 0" ([lue (O + o)1) + (91 5% u) (8) + (g2 % 0) (£) > 0, VE € [0,T,

where the constant n* > 0 is defined as in (2.18).

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

Next, we put T, = sup{7 >0:1(t) >0, Vt € [0,T]}. Suppose that T, < +oo then,
because of the continuity of I(t), we have I(T) > 0. In case of I(T) > 0, by the same
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arguments as above, we can deduce that there exists Th, > Th such that I(t) > 0, ¥t € [0, Tn).
We obtain a contradiction to the definition of T. In case of I(T) = 0, it implies from (2.24)
that

0=1(Tx) = 10" (Jlua(To)I* + Ve (Too) [I”) + (g1 % ) (Tho) + (g2 % v) (Too) > 0.

Therefore

[u(Too) | = lv(Too)ll = (g1 % u) (Too) = (g2 % v) (Tes) = 0.
By the fact that the function s — g1 (T — ) ||t (Tho) — tz(s)]||* is continuous on [0, Th] and
g1 (T —s) >0, Vs € [0,T], we have

@*@@Q—Ammmvﬂw%@Ww—a

it follows that ||u.(s)||*> = 0, Vs € [0,Th], it means that « (0) = 0. Similary, v (0) = 0. It leads
to I(0) = 0. We get a contradiction with 7(0) > 0. Consequently, 7o, = +o0, i.e., I(t) > 0,
vVt > 0. Lemma 2.4 is proved completely. O]

Next, we put
2 2
Ev(t) = [« @)II° + 10O + llua( 1 + loa @)1 + (g1 % w) (8) + (g2 0) () + (1) (2.25)
Then, we have the following lemma.
Lemma 2.5. There exist the positive constants By, 51, B2, Ba such that

(i) BiE\(t) < L(t) < BoEy(t), V¢ >0, (2.26)
(ii) BiE\(t) < E(t) < BoEi(t), Vt > 0.

Proof. The functional £(t) can be written as follows

1

£(6) = 5 (@I + 10 OI) + 2= o+ 0) () + (24 0) 0] + 22 B () + 100
6 (00, u0)) + (0, 00) + 2 (eI 4 A @+ Do o). (227
From the following inequalities
0 (6), w(e)] < 5 NI+ 5 e DI,
0/ (6), o)) < 5 I )+ 5 a6}
we get
£00) 2 5 (IO + [V OI) + 5= [ +0) (6 + (g2 ) (0] + 1)
+(p;%L*w%@my+maﬂw)_5<WWﬂHZH%ﬁW +HU@N-;MAQH>
=157 (W@ + 19 @) + (E525 - 2) (ol + ool
22 (g ) (04 (g 0) (0] 4 2 10) 2 Ex 1),
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where fy = min {152, %2, @20 6 1) and 0 < 6 < min {1 2220},

Similarly, we can prove that

£() £ 252 (IO + IO + 252 (gx ) () + (g2 0) 0]

—2 o (O] O + a0
o (u* ||uz(t)||2+/ (=) d L sl : o2 ()]
0

2p

+ 3 10+ ) )1 + e Joa®I] + 1)

llva ()|
Pm%mzmwm@wmmj’ 2(2)dz < mase 102(2)]%, hence
0

0<2z<R2
1+9 T 12 (p—2) 0 2
< w=2 2
L) < —= (Il +mwwn)+[ 3y e 5 (LE A+ )| Jus(0)]
p—2 . d p—2 1
P b 5 (1 20| a0 + 222 (o1 ) 0+ (gm0 (0] 4 5100
< B2 Er (1),
140 —2) s O(L+A+A —2) s O(1+ A
where 5 = max i : (p=2)p + (L+A+ 1), (P = 2) 1 + (1+24) . Part (i) of
2 2p 2 2p 2
Lemma 2.5 is done. It is similar to prove Part (ii). O

Lemma 2.6. The functional ¥ (t) satisfies the following estimation

VO < I OF + 1 OF + (2 4+ 5 ) Korru) 0+ (024 0) ) (2.28)
=210+ 50l
S[AER (- (1- 242 50| ol
O (b S e (- ] ol e

foralley >0, e3> 0, 6, € (0,1), and p(t) = ||[FL(t)|]” + || Fa(t)])”.
Proof. By multiplying (1.1); by u(z,t), (1.1)2 by v(z,t) and integrating over [0, 1], we obtain

() = Nl O + [0 @I = [+ 1 (o (), 1, (0)) ] llua(®)]) (2.30)
)

+
T
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=
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Note that
— i1 ((ug(t), uz () < pras, (2.31)

(F1(1), u(t)) + (F5(1), v(t)) < % (lee (O + (D7) + Q—;p(t),

Jow ()12 1 ) ,
/0 pa(e)dz < = o)1 e (e 0)1P).
1) > 0 (Jlus ()2 + fea(®)]2)

(filu(t), v (t)), u(t)) + (f2(u(t), v (1)), v(t)) < dl/o F(u(x,t),v(z,t))de

=SB0+ [lg10) () + (g2 0) (0] = 10
<BBE+ 2 e () + 7 0) (0] = 22110 - ST (ol + o))

It’s not difficult, we have
t €3\ _ 2 1
[ =) e (s) e s < (14 5) a0 0 s O + 5 (o x ) (),
0 €3

ot = )t (s) o) s < (14 2) 22 (0o O + 5 (g 0) (1) Vea > 0

(2.32)

Then, it follows from (2.30)-(2.32) that the inequality (2.29) is valid. Lemma 2.6 is proved. [J

Based on the above results, we can prove the main result in this section as follows.

Theorem 2.7. Assume that (H,) — (H;) hold. Let (i, %) € (H*> N HY) x (H2NV) such that
1(0) > 0 and the initial energy E(0) satisfy (2.18). Then, any global weak solution of problem
(1.1) is generally decay, i.e., there exist positive constants C, 5 such that

Il @O + 10O + e (@) + lloa(8) > < Cexp (—7 / £(s) ds) V0. (233)
Proof. 1t follows from (2.14), (2.15);; and (2.29) that
) <~ (A= 2= 8) (I OF + 1 OF) — 560 [ #w) (1) + (g2 % v) (1)
- 2 2

L (% + 2L) [(g1 % u) (1) + (g2 % ©) ()] — 664 [|ua ()| — 865 [, (1))

- 56;d1](t) + % (l + ﬁ) p(t), (2.34)

where
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We have

din* d
lim 91(51,62,83) = 1}?77 + (1 - j) Hs — Hix — (1 - _1) g1 (OO)

01—04,e2—04,63—04

dy ~ p _ Pli1x
p { + (d1 ) (1 — G1 (00)) a,
= 67,
. _ duy? di\ _ dq
61_)0+78211_I>I01+753_>0+ 62(51,62,53) = » — (1 — ;) g2 (OO) + (1 — pX*) M2

— 0%
= 02,

where n* = L, — R,, R, = pd; max {qu’ Rfﬂ} .

Note that, we have 67 > 0 provided by the conditions (2.18) (i), (ii), and also have 65 > 0 by
(2.18) (iii), (iv). Thus, we can choose 0; € (0,1) and €5 > 0, €3 > 0 small enough such that

91 = 91(51,62,83) > 0, (92 = 92((51,82,83) > 0.
Moreover, we continue by choosing £; > 0, 4 > 0 small enough such that

_ —2)L,
leA*—%—5>0, 0<5<min{1; u}
p

Put

5 - dy d 1 - o
ngmin{591,502}, ‘93: 551 1, ‘94:(5(—1+—) 5 9* :min{01,92,93}.
p p o 2e3

From (2.34), this implies that

L'(t) < -0, <||U’ I + 1’ (t)Hz) — bz (|lua(O)]” + llo()])

—B(0)+ 01 (g1 %) () + (g2 2 ) (0] + 5 (i n i) (1)

< 0. [HU’ O + I O + NuaOI* + o)1 + I(t)]

g1 > u) () + (g2 0) ()] + (l - i) o)
< —0.E1(t) + (0u 4 04) [(g1 % w) (£) + (g2 % 0) ()] + % (é " g) it
< _%E(t) + (é* + 94) [(g1 + w) (8) + (g2 % ) (8)] + % (é * 5%) ot

30

(2.35)

(2.36)

(2.37)

(2.38)



Thu Dau Mot University Journal of Science - Volume 5 - Special Issue - 2023

Combining (2.15);; and (2.38), we conclude that

6_*
§L(t) < —Eé(t)E( ) + (0. +04) £(2) [(91 % w) (t) + (g2 % v) (¢)] (2.39)
1/1 )
+ 3 (5_1 + 5) £(0)p(t)
0. - ) 1 1/1 6
< —Ef(t)E@) +2 (0, +0,) (—E (t) + 2—51P(t)> o g T 5_2> £(0)p()
0, _ , 1[0, + 04 1 6
=~ GE0B0 -2 (.40 B0+ 5 [0 (L4 2 ) o] o
< —%ﬁ(t)E(t) —2(0. + 04) E'(t) + Coe ™", (2.40)
2
where Cy = % [@ + <é + %) §(0)} Co.
For convenience, we continue to define the new functional
L(t) = E@)L(t) + 2 (6. + 64) E(2). (2.41)
It is easy to see that
L(t) < E(0)L(t) +2 (0. + 0s) E(t) (2.42)
< (0)B:E1(t) +2 (0. + 04) E(1)
< [Ze)+2(0.+8)| B0 = BEG)
By direct computations, it yields
L'(t) = £ (L) + (L' (1) + 2 (0 + 04) E'(2)
0, _ 0. ——
—Z¢E Coe 0t < — Coe ", 4
< 525(0 (t) + Coe " < 52525() (t) + Coe (2.43)
Choosing 0 < 4 < min {ﬁf*ﬁ; 5?_8)} , from (2.43), we get
L'(t) + 7€) L(t) < Coe . (2.44)
Integrating (2.44) with respect to time variable, we obtain
Co
L(t) < <L(O) + — (0 ) exp ( / (s ) (2.45)
On the other hand, we have
L(t) =)L) + 2 (6. + 64) E(t)
> 2 (0, +64) E(t) > 2 (0, + 61) BLEA(2), (2.46)
Ey () = [ O + 10O + lua (O + oz )]
Combining (2.45) and (2.46), we get (2.33). The proof of Theorem 2.7 is completed. O
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