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ABSTRACT

This paper is devoted to the study of a Kirchhoff wave equation with a viscoelastic
term in an annular associated with homogeneous Dirichlet conditions. At first, by
applying the Faedo-Galerkin, we prove existence and uniqueness of the solution of the
problem considered. Next, by constructing Lyapunov functional, we establish a sufficient
condition such that any global weak solution is general decay as t — 400.
Keywords: Faedo-Galerkin method, Nonlinear Kirchhoff wave equation, local exis-
tence, general decay.

1 Introduction

In this paper, we study the following Dirichlet problem for a Kirchhoff wave equation with a
viscoelastic term in an annular

MG s O13) 35 ) + [ (e = 5) L5 (o (5) s
f(xtuux,ut) p<x<1,0<t<T, (1.1)
u(p,t) = u(l,t) =0,

u(z,0) = tg(x), u(z,0) =u(x),

;

U — [ (t> [|u(t

where p € (0,1) is a given constant and p, g, f, @, @ are given functions satisfying conditions
to be specified later. In Eq. (1.1), the nonlinear term
w(t, [u(t)]2, ||uz(t)|](2)) depends on the integrals

ol = [ o) d, )l = [ oty (12)

Eq.(1.1) herein is the bidimensional nonlinear wave equation describing the nonlinear vi-
brations of the annular membrane Q = {(z,y) : p?> < 2*> + y? < 1}. In the vibration process-
ing, the area of the annular membrane and the tension at various points change in time.
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The conditions u(p,t) = u(l,t) = 0, on the boundaries I', = {(z,y) : 2% + y* = p?} and
Iy = {(z,y) : 2* + y* = 1} of the annular membrane is fixed.
It is known that Kirchhoff [6] first investigated the following nonlinear vibration of an elastic

string
Eh [*
phuy = <P 0+ bV
0

ou

2

where u = u(x,t) is the lateral displacement at the space coordinate x and the time ¢, p is the
mass density, h is the cross-section area, L is the length, E is the Young modulus, F is the
initial axial tension.

In [3], Carrier established the equation which models vibrations of an elastic string when
changes in tension are not small

EA [*
—(1+ — 2(y, t)dy | vz = 0, 1.4
P < LTOOU(y)y)U (1.4)
where u(x,t) is the x—derivative of the deformation, Ty is the tension in the rest position, F
is the Young modulus, A is the cross - section of a string, L is the length of a string and and p
is the density of a material. Clearly, if properties of a material depends on x and t, there is a
hyperbolic equation of the type (Larkin [7])

1
uy — B (x,t,/ u® (y,t) dy) Ugy = 0. (1.5)
0

The Kirchhoff - Carrier equations of the form Eq.(1.1) received much attention. We refer the
reader to, e.g., Cavalcanti et al. [1], [2], Ebihara, Medeiros and Miranda [4], Miranda et al. [15],
Lasiecka and Ong [8], Hosoya, Yamada [5], Larkin [7], Long et al. [10] - [12], Medeiros [14],
Menzala [16], Messaoudi [17], Ngoc et al. [18]- [22], Park et al. [23], [24], Rabello et al. [25],
Santos and et al. [26], Truong et al. [29]. In these works, the results concerning local existence,
global existence, asymptotic expansion, asymptotic behavior, decay and blow-up of solutions
have been examined.

Recently, Gongwei Liu [13] studied the damped wave equation of Kirchhoff type with initial
and Dirichlet boundary condition

uy — M (|| Vu (t)||2) Au+u; = g (u) trong Q x (0,00),
u(z,0) =wuo(z), u(z,0)=1u(x), €8, (1.6)
u(z,t) =0 trén 0 x (0,00),

where €) is a bounded domain with smooth boundary 0€2. Under the assumption that g is a
function with exponential growth at infinity, the author proved global existence and the decay
property as well as blow-up of solutions in finite time under suitable conditions.

In [15], Miranda and Jutuca dealt with the existence and uniqueness of solutions and expo-
nential decay of solutions of an initial-homogeneous boundary value problem for the Kirchhoff
equation.

In [1], [2], Cavalcanti also studied the existence and uniform decay of solutions of the
Kirchhoff -Carrier equation.

In [29], Truong et al. concerned with the global existence and regularity of weak solutions
to the linear wave equation

U — Uz + Ku 4+ uy = f(x,t), 0<z <1, t>0, (1.7)
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with the initial conditions as in (1.1)3 and two-point boundary conditions. The exponential
decay of solutions was given there by using Lyapunov method.

Motivated by the above works, we study the unique existence and general decay of the
solution for Prob. (1.1) under suitable conditions on f, p and initial data. Our paper is
organized as follows.

In Section 2, we present preliminaries with the notations, definitions, appropriate spaces
and required lemmas. In Section 3, we prove the existence and uniqueness of a weak solution
for Prob. (1.1). Finally, Section 4 is devoted to considering Prob. (1.1) in the case of u =
o (||um(t)\|(2)) (ot u, g, ue) = —Aug + f(u) + F(x,t), where A > 0 is constant, and f, [ are
|0z 13 1 tio ()

i w(z)dz —p/ :de/ f(z)dz >0,

|
given functions. In this section, we verify that, if /

0 p 0

1 ) 1 llt0x3 1 ao(z)

and the initial energy E(0) = — ||uq|]; + = w(z)dz — xdx z)dz and F' are

2 02
0 p 0

small enough, then any global weak solution of Prob.(1.1) is general decay as t — +o00. In the
proofs, we use the multiplier technique combined with a suitable Lyapunov functional. Our

results can be regarded as an extension and improvement of the corresponding results of [7], [10]

2 Preliminaries

First, we put Q = (p,1), Qr = Q2 x (0,7), 0 < p < 1, T > 0 and denote the usual function
spaces used throughout the paper by the notations C" = C™ (ﬁ) , LP = LP(Q2), H™ = H™(Q),
Wme = me (Q) |

We remark that L?, H', H? are the Hilbert spaces with respect to the corresponding scalar
products

(u,v) = / zu(x)v(x)de, (u,v) + (Ug, vz), (U, V) + (Ug, V) + (Ugs, Vo) - (2.1)

The norms in L?, H' and H? induced by the corresponding scalar products (2.1) are denoted
by [l 1, and ||, respectively.

We then have the following lemma.
Lemma 2.1. The embedding H} — C° (Q) is compact and for all v € Hj, we have

(i) ||U||CO(§) < VI =pllvell,
L—p

Ux )
7 [ |

1—0p
(iil) [vlly < e vzl -

(i) ol <

We denote ||| for the norm in the Banach space X and call X’ the dual space of X. We
denote LP(0,T; X), 1 < p < oo the Banach space of real functions u : (0,7) — X measurable,
such that

T
u(t)|5 dt < +00, 1 < p < oo,
X
0

and
AM >0 ||lu(t)||ly < Maete(0,T), p=oo
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with
/p
[ imoiga) vy <
HUHLI’ 0,T;X)
csssupllu(®)lly. p=ox.
We also denote 5 o2 5 o2
u u u u
U(l’,t), a(xat)a 12 (37 t) 8_($ t) ox Q(x t)
by
w(t), w(t) =a(t), wu(t) =1i(t), u(t) = Vu(t), u.(t) = Au(t),

respectively

ou 0*u ou 0%u
U(I,t), E(xvt)a ﬁ(xvt% 8_( t) or 2(1’ t)

3 Main results

3.1 The existence and uniqueness of a weak solution

The weak fomulation of Prob. (1.1) can be given in the following manner: Find u € Wy =
{u€ L>(0,T; H*N HY) : v € L=(0,T; Hy) and u” € L>(0,T; L?)}, such that u satisfies the
following variational problem:

(W"(8), v) + plu](t) (ua(t), va) = /0 g (t =) (ua(s), vo) ds + (flul(t), v) , (3.1)

for all v € H}, and a.e., t € (0,T), and the initial conditions
u(0) = dg, v (0) =y, (3.2)
where
flul(z,t) = f(x, t,u(z, t), u(x,t), ue(x, b)), (3.3)
ulul(t) = p (4 a5 lua()]l5) -
Remark 3.1. The weak solutions have following properties
u € L0, T; H* N Hy) N C°([0,T); Hy) N C*([0, T); L?),

u' € L™®(0,T; Hy) N C°([0,T]; L*),
u” € L>(0,T; L?).

Fix T* > 0 and we make the following assumptions:

(Hl) (110,711) € (H2 N H&) X H&,

(Hy) pe CY[0,T*] x R2), and there exist a positive constant s, such that
pu(t,y, 2) > pae, V(t,y, 2) € [0,T7] x RE;

(Hs) g€ CY([0,T7]);

(Hy) f € CYp,1] x [0,T*] x R3) such that
f(p,t 0,y,0) = f(1,¢,0,y,0) =0, V(t,y) € [0,T*] x R.
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For each T € (0,7%], we put

Wr={ve L>*(0,T; H*N Hy) : v' € L>(0,T; Hy), v" € L*(0,T; L*)}, (3.4)

are Banach spaces with respect to the norms (Lions [9])
HUHWT = maX{HUHLoo(o,T;H?mHg) ; HUIHLOO(O,T;Hg) ; HU”HLQ(O,T;L2)}7 (3.5)
HUHW1(T) = HU”CO([O,T};H(%) + HUIHCO([O,T];LQ) :

For each M > 0, we denote

W(M,T) ={veWr: |, <M}, (3.6)
Wi(M,T) ={veW(M,T):v" € L>(0,T; L*)}.

We establish the linear recurrent sequence {u,,} as follows:
We shall choose as first initial term uy = 0 and suppose that

Uy € Wi (M, T). (3.7)

We find u,, € W1 (M, T) is a solution of variational problem associated Problem (1.1) as
follow:

W (5),0) + i (E) (tna(£), 02) = / 9t = 5) (tma(s), 02) ds

L (Fu(t) 0, Yo € HY, (3-8)
U (0) = o, ul,(0) = 1y,
where
fn(t) = pofttm—1)(t) = p(t, tm—1 ()5, | Vttm-1 (£)]I5), (3.9)

Fon(z,t) = flum-1](z,t) = f (2, b, tn-1(2, 1), Vg1 (z,t),ul,_(z,1)).

Then we have the following theorem concerning the existence and uniqueness of a weak
solution.

Theorem 3.2. Let (Hy) — (Hy) hold. Then there exist constants M > 0, T > 0 such that:

(i) Problem (1.1) has a unique weak solution uw € W1(M,T).

(ii) The linear recurrent sequence {u,,} defined by (5.7)-(3.9) converges to the solution u
strongly in the space W1(T') with the estimate

M
[tm = ullyy, () < . kaznf, for allm € N, (3.10)

where kr € [0,1) is a constant independent of m.

Proof. The proof is similar to the argument in [28], so we omit the details. O
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3.2 General decay of the solution

In this section, Prob. (1.1) is considered with p := pu (||um(t)||(2)) c fxyt uy ug, ug) = —Aug +
f(u) + F(z,t), so Prob. (1.1) becomes the following

v = (aa1) (e + ) [t 5) (s 090+ T ) ) s
+Auy = f(u)+ F(x,t), p<ax<1l,t>0, (3.11)

u(p,t) = u(1,t) =0,
u(z,0) = ug(x), ut(x,O) = Uy (z),

where 0 < p < 1, A > 0 are the given constants, F, u, g, g, u; are given functions. Here, we
shall prove that any global weak solution u (t) of Prob. (3.11) is general decay as t — +o0, i.e.,
there exist positive constants C', v and a positive function £ such that

t
|’ (t)Hg + Jug (B)]|2 < Cexp <—7/ f(s)ds) , for all t >0, (3.12)
0

“+oo
and / £(s)ds = +o0.
0
First, we suppose that

(H)) o€ H2NH,, @, € H;

(Hy) p € CYRy) and there exists a positive constant g, such that pu(z) > g,
Vz > 0;

(]?3) g€ CHRL);

Hy) feC'(R)and f(0) =

(H;) FeCi(p1]xR.).

Then, we have the following theorem.

Theorem 3.3. Let (H,), (Hy) — (Hs) hold and X\ > 0. Then there exists a unique local weak
solution u of Prob. (3.11) such that

u € L0, T; H* N Hy) N C°([0,T); Hy) N C*([0, T); L?), (3.13)
u' € C°([0,T]; L?) N L>(0, T Hy),
u” € L>®(0,T; L?),

with T' > 0 small enough.

ozl
In what follows, we prove that if / w(z)dz—p / xdx / f(2)dz > 0 and the initial

1 ||U0xH0
energy E(0) = 5 a2 + 5/ z)dz — / zzzda:/ z)dz and F' are small enough,
0

then any global weak solution is general decay as t — 4o0. For this purpose, we strengthen
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the following assumptions

(Hs3) f e CYR), f(0) =0 and there exist constants o, 3 > 2; dy, d; > 0, such that
Yy
G)yf@)sd{/ f()dz, for all y € R,
0

y —
@) [ ez < (" + 1ol for ally € B
0

(H,)) g€ C*(Ry)N LYR,) such that
(i) Ly = px =g (00) >0,
(ii) There exists a function & € C' (R,) such that
i) ¢®=<o<e. =0 [ cha—c
0
Uj) ¢'(t) < =€) g(t) <0, vt =0,

with g(t) = /Otg (s)ds and g(o0) = /Ooog (s)ds;

(Hs) F € L>®(R,;L* N L' (Ry;L?) and there exist positive constants Cp, v such that
IR < Coexp(—ut). ¥t > 0
(Hﬁ) p > dl-

We first construct the Lyapunov functional in the form
L(t)=FE(t)+0V(t), (3.14)

where § > 0 is chosen suitably and

1 u(z,t)
B0 = 31 O+ 5005 w0 = [ ade [ sl (315)
lua (8115
+§<A u@ﬁw—a@w%am@
= 5 WO+ 10

11 e ()15 B )
+ (5 — 5) ((g s u) (t) + /0 p(z)dz —g(t) [|u. (ﬂ”o) )

W(t) = (u(t),u )+ % lu (B3, (3.16)
with
llua (811
]

szw*marﬁ/

0

1 u(@,t)
<@@—@@mew%—p/fwxl [z (3.17)

and
<wwm=49wﬂw%w—%@mem=Ag@w (3.18)

We have the following estimate for E’ (¢).
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Lemma 3.4. For all ey > 0, we have

(i) B0 <5IFOlo+31F @l Il 0l

§ e 1 | (3.19)
(i) E'(t) < =\ = 5) [[w (Ol = 560 (g % u)(t) + 5— IF (©)][5-
2 2 2¢e1
Proof. Multiplying (3.11); by zu’ (z,t), and integrating over [p, 1], we get
1 1
E'(t) = =Ml ()l + 5 xw)(t) = 59(0) [lu (O6 + (F (1) ' (1) (3.20)
_ 1
Using assumptions (Hy), we obtain é(g’ xu)(t) < =€ (t) (g *u)(t), so
! / 1 1 / 2
E'(t) < (F(t),u () < 5 [F @l + 5 1F @l Il 05
By applying Cauchy-Schwartz inequality, we have
1 €
(F'(t),u' (1)) < % 1E (0o + 51 [/ (#)g, Ver > 0. (3.21)
It is easy to see that (3.19); holds from (3.20) and (3.21). Lemma 3.4 is proven. O
Lemma 3.5. Let (H,), (Hs) — (Hg) hold and (i, @) € (HL N H?) x H} such that I(0) > 0
and
/2 B/2
_ 1- 1-
7" = L. — pda(1 — p) [(—p) B2 4 (—p) RO > par — L L., (3.22)
P p dy
where
B, \? 1
s=\7T—7] E={E0+7 ,
o= /0 IF @I, Le = 1. =7 (00) , fimax = max ji(2),
Then I(t) > 0 for allt > 0.
Proof. By the continuity of I(¢) and I(0) > 0, there exists T} > 0 such that
I(t) = I(u(t)) >0, ¥t € [0,T4], (3.23)
we get
1., 1 1 llua ()13 )
B0 2 W@l + (5-5) [@rwo+ [ w0 ol G20
0
1 (r—2) 2
> 5 ' (#)1]5 + % [(g % u) () + Ly |Jua(t)|[3] . ¥t € [0, T3]
Combining (3.19);, (3.24) and using Gronwall’s inequality, we obtain
2p 2pE, 9 ~
u (VP < ———EB{) < —— = R? vt e [0,T}]. 3.25
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Then it follows from (H3)(4i) that

/ vdz / e (3.26)

< py ([[u®)[5 + ut >||§5)

< pds (1 - ) (ﬂ)anux(wnm (%)Bnux(ong

B 1—p\* 1—p\? .
< pdi (1= p) (—") Re- 4 (TP) B2 | ua (1),

Thus, I(t) > 7 |u.(t)||2 + (g *u) (t) > 0, Vt € [0,T1], where the positive constant n* is
defined as in (3.22).

Put T, = sup{T > 0:I(t) >0,Vt € [0,T]}. If T, < 400, then by the continuity of I(t),
we have [(T,) > 0. If I (Tx) > 0, by the same arguments as above, we can deduce that there
exists Tho > Tl such that I (t) >0, Vt € [0, T ). This is contrary to the definition of T\, so we
get I(t) >0, Vt > 0.

If I (T) =0, then

0=1(Tx)2n" ||U:c(Too)||§ + (9 *u) (Ts)

v

0.

Therefore
Uz (Too) = (g% u) (Teo) = 0.
By the fact that the functions s — g (Ta — 5) ||tz () — s (Tho) |7 is continuous on [0, Th]
and g (T — s) > 0, for all s € [0,T], and

Too
gr) (T) = [ 9T = 9) s s) s =0,
0
we have [ju, (s)||, = 0, for all s € [0,7]. Thus, u(0) = 0. This is contrary to I(0) > 0.
Consequently, To, = +00, i.e. I (t) > 0 for all t > 0. Lemma (3.5) is proved. O

Next, we put
2 2
By (t) = [l ()llg + llue (0)]lg + (g% w)(t) + L (1) (3.27)
Then, we have the following Lemma.

Lemma 3.6. Let the assumptions of Lemma 5.5 hold. Then, there exist positive constants b,
By, Ba, By such that

BB (t) < L(t) < BaBy(l), VE >0,
BLE(t) < E(t) < ByEr(t), Yt > 0.
Proof. Lemma (3.6) is proved by using some simple estimates, hence we omit the details. [

Lemma 3.7. For all e9 > 0, we have

(1) <l O] + (dfl n QL) (g u)(®)+ 50 IF @1 - 22100 (3.28)
*dl &2 dl _ 52(1 - p)2 dl 2
_ (M* +n E (1—-16,) — ( + 5 = E) g(oco) — —4p - ;,Umax> |t (t)Ho-
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Proof. Multiplying (3.11); by zu (z,t), and integrating over [p, 1], we get

' (E) = ' @5 p (e 1 )uux ()13 + ¢ (u(t)), u() (3.29)
[ gl = ) ) (0 ds P 000
From the following inequalities
p (e D) e (B < = e ()] (3.30)
/ tg(t = 5) e (5) s () ds < (14 2) 0 s (O + g+ )
d

l[ua (B)1lg
(Fu(®)ut) < = [/O u(2)dz + (g u) (1) = g(t) lua(Ollg — I(2) | .

I(t) = (g% u)(t) + " lluz (][5

62(1

- P)2 2 1 2
(F(t), u(?)) < — 5 [lua ()5 + % IE(O)y, Ve2 >0,

we have

€2

W) < [ O sl @1+ (14 2) 30 o (01 + 5 (05 0)0)

L

e (015 2
D /0 p(z)dz 4 (g xu) (t) — g(t) |lua(t)|lg — ](t)]

52(1—,0)2 2 1 2
|, (¢t — || F'(¢
+ o w0l + 5 1P

1 d151 dl(l _'51)
L5 ) )+ 5 IFOIE - 2 - T

Lemma (3.7) is proved completely. [J ]

1/1 )
Putting p (t) = 5 (5—1 + 5—2) |F ()2, from Lemma 3.4-Lemma 3.7, we obtain

L) < ~(— S 8) o ()12~ 560 w)(1) + p 1) (331)
45 (lefl + i) (g% u)(t) — 2% 1y

2e9 D

*d1 €2\ _ 82(1—;0)2 d; 2
=6 (@ a) - (14 2)gtoe) - 20 - S s 01
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We have
. *d1 €2\ _ 52(1 - p)2 dy
s (M* R (1—01) - (1 + 5) g(o0) — T, pHuw
ea—04

d d
= px t 77*_1 - E(OO) - _I,Umax > 0.
p p

Then, we can choose ¢; € (0,1) and g5 > 0 small enough such that

62(1 — p)2 dl

_ L1 €2
91((51782) = Ut 7 ? (1 51) (1 + —) g(OO) 4p E,umax > 0.

2

Moreover, we also choose d > 0, ; > 0 small enough and satisfying

(92(81,5):)\—%—5>0.

Putting

|
0, = min {591,592, 0diy } 0= (dl_fsl N _) ,
p P 252

we get that
LN(t) < =0.E1(t) + (6. + 03)(g = u)(t) + p (1) (3.32)

Combining (3.19);; and (3.32), we obtain
EL (1) < —0.8() Er(t) + (64 + 05)(1) (g * u)(t) + £(0)p (1)
—0.8(t)Ev(t) + 2(0. + 03) {—E'(t) + 2%1 IE@)llg| +€(0)p (1)

IN

IN

—0.E(8) Er(t) — 2(0. + 05) ' () + Co exp(—ot),

where Cjy =

“rhi (24 2)e0]a
€1

2 \ &1 2
Setting the functional L(t) = £(¢)L (t) + 2(0. + 03)E(t), we have

(0)
t)
£

E(t)L(t) + Coexp(—ot).

~~
~~
~—

+2(6, + 65)8,] Er(t) = BaB (1), (3.33)
t) +E()L () + 2(0. + 63) E'(2)
Ey(t) + Coexp(—ot)

=

l/\’lr_1
—~

o
N

=
=
IA A IA

|
)
—~
~+
~—

IA
|
SR

O
By choosing 0 < 7 < min {— &} , we get

B, €(0)
L'(t) +5E(t)L(t) < Coexp(—ot)- (3.34)
It leads to

L(t) < (L(O) + —@) exp (-7 Otf(s)ds) . (3.35)
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On the other hand, we also have
L(t) = ()L (1) 4 2(0« + 05) E(t) > 2(6. + 03)5, Ex (1) (3.36)

> 20, + 05)3, (“u'(t)ug + Hux(t>|\§) :

Therefore, we obtain the main result in this section as follows.

Theorem 3.8. Let the assumptions of Lemma 3.5 hold. Then, any global weak solution of
Prob. (3.11) is general decay as t — +oo. Moreover, there exist positive constants C, 7, such
that

e O + s (9] < Cexp (—7 / s<s>ds)7 vt > 0. (3:37)

Acknowledgment. The authors wish to express their sincere thanks to the editor and the
referees for the valuable comments and important remarks for the improvement of the paper.
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