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ABSTRACT
In this paper, we consider the Dirichlet problem for a wave equation of Kirchhoff-
Carrier type with a nonlinear viscoelastic term. It consists of two main parts. In Part
1, we establish existence and uniqueness of a weak solution by applying the Faedo-
Galerkin method and the standard arguments of density corresponding to the regularity
of initial conditions. In Part 2, we give a sufficient condition for the global existence
and exponential decay of the weak solutions by defining a modified energy functional
together with the technique of Lyapunov functional.
Keywords: Faedo-Galerkin method, Nonlinear Kirchhoff-Carrier wave equation, local
existence, global existence, exponential decay.

1 Introduction

In this paper, we consider the Dirichlet problem for a wave equation of Kirchhoff-Carrier type
as follows 

utt − λutxx −
∂

∂x

[
µ1

(
x, t, u (x, t) , ∥u(t)∥2 , ∥ux(t)∥2

)
ux

]
+

∫ t

0

µ2

(
t, s, ∥u(s)∥2 , ∥ux(s)∥2

)
uxx(x, s)ds

= f (x, t, u, ux, ut) , 0 < x < 1, 0 < t < T,

u(0, t) = u(1, t) = 0,

u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x),

(1.1)

where λ > 0 is given constant; µ1, µ2, f, ũ0, ũ1 are given functions satisfying conditions, which
will be specified later; the nonlinear terms
µ1

(
x, t, u (x, t) , ∥u(t)∥2 , ∥ux(t)∥2

)
and µ2

(
t, s, ∥u(s)∥2 , ∥ux(s)∥2

)
in Eq. (1.1)1 depend on the

integrals

∥ux(t)∥2 =
∫ 1

0

u2
x (x, t) dx, ∥u(t)∥2 =

∫ 1

0

u2 (x, t) dx. (1.2)

66



Thu Dau Mot University Journal of Science - Volume 5 - Special Issue - 2023

This problem has the so-called model of Kirchhoff - Carrier type because it connects Kirch-
hoff and Carrier equations. For more details, Eq. (1.1)1 has its origin in the nonlinear vibration
of an elastic string (Kirchhoff [4]), for which the associated equation is

ρhutt =

(
P0 +

Eh

2L

∫ L

0

∣∣∣∣∂u∂y (y, t)
∣∣∣∣2 dy

)
uxx, (1.3)

where u is the lateral deflection, L is the length of the string, h is the area of the cross-section,
E is the Young modulus of the material, ρ is the mass density, and P0 is the initial tension. It
is also related to the Carrier equation. In [2], Carrier established the equation which models
vibrations of an elastic string when changes in tension are not small

ρutt −
(
1 +

EA

LT0

∫ L

0

u2(y, t)dy

)
uxx = 0, (1.4)

where u(x, t) is the x−derivative of the deformation, T0 is the tension in the rest position, E is
the Young modulus, A is the cross - section of a string, L is the length of a string and and ρ is
the density of a material.

The Kirchhoff–Carrier equations of the form (1.1), with various boundary conditions, have
been extensively studied by many authors. We refer the reader to, e.g., [3], [5], [7] - [19], for
many interesting results and further references.

In [3], the authors studied the existence of global solutions and exponential decay for a
Kirchhoff -Carrier model with viscosity. In [16], the author investigated on the global exis-
tence, decay properties, and blow-up of solutions to the initial boundary value problem for the
nonlinear Kirchhoff type. In [19], the viscoelastic equation of Kirchhoff type was considered and
the authors etablished a new blow-up result for arbitrary positive initial energy, by using simple
analysis techniques. In [7], Long used a linear approximation scheme to prove the existence
and uniqueness of a local solution for a Kirchhoff-Carrier type equation of the form utt −B(t, ∥u∥2 , ∥ux∥2)uxx = f(x, t, u, ux, ut, ∥u∥2 , ∥ux∥2),

ux(0, t)− h0u(0, t) = ux(1, t) + h1u(1, t) = 0,
u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x).

(1.5)

In addition, an asymptotic expansion of the weak solution according to a small parameter
was also considered. Results in [7] were later expanded in [9], and [17].

Triet et al. [18] investigated on the existence, decay properties, and blow-up of solutions of
the Love-Kirchhoff wave equation associated with the Dirichlet boundary conditions. Recently,
Ngoc et al. [14] demonstrated the existence and uniqueness of the solution of the boundary
problem for a Kirchhoff-Carrier equation containing nonlinear Balakrishnan-Taylor terms as
follows

utt − λuxxt − µ
(
t, ⟨ux(t), uxt(t)⟩, ∥u(t)∥2 , ∥ux(t)∥2

)
uxx

= f
(
x, t, u, ut, ux, ⟨ux(t), uxt(t)⟩, ∥u(t)∥2 , ∥ux(t)∥2

)
, 0 < x < 1, 0 < t < T,

u (0, t) = u (1, t) = 0,
u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x),

(1.6)

where µ, f, ũ0, ũ1 are given functions, λ > 0 is given constant. In case µ = B(∥ux(t)∥2) +
σ (⟨ux(t), uxt(t)⟩) and f ≡ −λ1ut + f(u) + F (x, t), the authors have established sufficient con-
ditions on the Balakrishnan-Taylor term σ (⟨ux(t), uxt(t)⟩) to obtain the exponential decay of
the solution as t → ∞.
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Motivated by the above mentioned works, because of mathematical context, we study the
unique existence and the exponential decay of the solution for Prob. (1.1). Our paper is
organized as follows.

We present preliminaries in Section 2 and establish the unique existence of a weak solution
in Section 3. In Section 4, Prob. (1.1) is considered with

µ1

(
x, t, u (x, t) , ∥u(t)∥2 , ∥ux(t)∥2

)
= µ1

(
∥ux(t)∥2

)
, (1.7)

µ2

(
t, s, ∥u(s)∥2 , ∥ux(s)∥2

)
= µ2 (t) g(t− s),

f (x, t, u, ux, ut) = −λ1ut −
N∑
i=1

Ki |u|pi−2 u+ F (x, t)

and λ1 > 0, Ki > 0, pi > 2 (i = 1, · · · , N). If some auxiliary conditions are satisfied, then the
solution decays exponentially as t → ∞.

The obtained results have relatively generalized the results in [7], [8], [12], [17].

2 Preliminaries

Set Ω = (0, 1) , and QT = Ω × (0, T ) , T > 0. Let us denote the standard function spaces by
Cm = Cm

(
Ω
)
, Lp = Lp(Ω), Hm = Hm(Ω), Wm,p = Wm,p (Ω) (see [1]).

We define the scalar product ⟨·, ·⟩ in L2 ≡ L2(Ω) by

⟨u, v⟩ =
∫ 1

0

u (x) v (x) dx, u, v ∈ L2, (2.1)

and the corresponding norm
∥u∥ =

√
⟨u, u⟩. (2.2)

On H1, we use the following norm

∥u∥H1 =
(
∥v∥2 + ∥vx∥2

)1/2
. (2.3)

Then, we have the following lemma.

Lemma 2.1. (Lions [6])The imbeddings H1 ↪→ C0
(
Ω
)
and H1

0 ↪→ C0
(
Ω
)
are compact and

(i) ∥v∥C0(Ω) ≤
√
2 ∥v∥H1 , ∀v ∈ H1, (2.4)

(ii) ∥v∥C0(Ω) ≤ ∥vx∥ , ∀v ∈ H1
0 .

Remark 2.2. By (2.3) and (2.4), it is easy to prove that, on H1
0 , the two norms v 7→ ∥v∥H1

and v 7→ ∥vx∥ are equivalent.

We denote ∥·∥X the norm in the Banach space X. We call X ′ the dual space of X. We
denote Lp(0, T ;X), 1 ≤ p ≤ ∞ the Banach space of real functions u : (0, T ) → X measurable,
such that ∫ T

0

||u(t)||pX dt < +∞, 1 ≤ p < ∞,

and
∃M > 0 : ||u(t)||X ≤ M a.e t ∈ (0, T ) , p = ∞,
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with

||u||Lp(0,T ;X) =


(∫ T

0

||u(t)||pX dt

)1/p

, 1 ≤ p < ∞,

ess sup
0<t<T

||u(t)||X , p = ∞,

where
ess sup
0<t<T

||u(t)||X = inf {M > 0 : ||u(t)||X ≤ M a.e t ∈ (0, T )} .

Throughout this paper, we write

u(t), ut(t) = u̇(t), utt(t) = ü(t), ux(t) = ∇u(t), uxx(t) = ∆u(t),

to denote

u(x, t),
∂u

∂t
(x, t),

∂2u

∂t2
(x, t),

∂u

∂x
(x, t),

∂2u

∂x2
(x, t),

respectively.

3 Main results

3.1 Local existence and uniqueness of a weak solution

The weak fomulation of Prob. (1.1) can be given in the following manner: Find u ∈ ŴT =
{u ∈ L∞(0, T ;H2 ∩H1

0 ) : u
′ ∈ L∞(0, T ;H2 ∩H1

0 ) and u′′ ∈ L∞(0, T ;L2) ∩ L2(0, T ;H1
0 )}, such

that u satisfies the following variational equation

⟨u′′(t), v⟩+ λ ⟨u′
x(t), vx⟩+ ⟨µ1[u](t)ux(t), vx⟩ =

∫ t

0

µ2[u](t, s) ⟨ux(s), vx⟩ ds+ ⟨f [u](t), v⟩ , (3.1)

for all v ∈ H1
0 , and a.e. t ∈ (0, T ), together with the initial conditions

u(0) = ũ0, u′(0) = ũ1, (3.2)

where

f [u](x, t) = f (x, t, u(x, t), ux(x, t), ut(x, t)) , (3.3)

µ1[u](x, t) = µ1

(
x, t, u (x, t) , ∥u(t)∥2 , ∥ux(t)∥2

)
,

µ2[u](t, s) = µ2

(
t, s, ∥u(s)∥2 , ∥ux(s)∥2

)
.

Remark 3.1. The weak solutions have following properties

u ∈ L∞(0, T ;H2 ∩H1
0 ) ∩ C0([0, T ];H2 ∩H1

0 ) ∩ C1([0, T ];H1
0 ),

u′ ∈ L∞(0, T ;H2 ∩H1
0 ) ∩ C0([0, T ];H1

0 ),

u′′ ∈ L∞(0, T ;L2) ∩ L2(0, T ;H1
0 ).

Now, let T ∗ > 0 be fixed and we make the following assumptions

(H1) ũ0, ũ1 ∈ H2 ∩H1
0 ;

(H2) µ1 ∈ C2([0, 1]× [0, T ∗]× R× R2
+),

µ1(x, t, y, z1, z2) ≥ µ1∗ > 0, ∀(x, t, y, z1, z2) ∈ [0, 1]× [0, T ∗]× R× R2
+;

(H3) µ2 ∈ C1(∆T ∗ × R2
+), ∆T ∗ = {(t, s) : 0 ≤ s ≤ t ≤ T ∗};

(H4) f ∈ C1([0, 1]× [0, T ∗]× R3) such that
f (0, t, 0, y, 0) = f (1, t, 0, y, 0) = 0, ∀(t, y) ∈ [0, T ∗]× R.
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For each T ∈ (0, T ∗], we put

WT = {v ∈ L∞(0, T ;H2 ∩H1
0 ) : v

′ ∈ L∞(0, T ;H2 ∩H1
0 ), v

′′ ∈ L2(0, T ;H1
0 )}, (3.4)

W1(T ) = {v ∈ L∞(0, T ;H1
0 ) : v

′ ∈ L2(0, T ;H1
0 ) ∩ L∞(0, T ;L2)}.

It is well known that WT , W1(T ) are Banach spaces with respect to the norms (Lions [6])

∥v∥WT
= max{∥v∥L∞(0,T ;H2∩H1

0 )
; ∥v′∥L∞(0,T ;H2∩H1

0 )
; ∥v′′∥L2(0,T ;H1

0 )
}, (3.5)

∥v∥W1(T ) = ∥v∥L∞(0,T ;H1
0 )
+ ∥v′∥L2(0,T ;H1

0 )
+ ∥v′∥L∞(0,T ;L2) .

For each M > 0, we denote

W (M,T ) = {v ∈ WT : ∥v∥WT
≤ M}, (3.6)

W1(M,T ) = {v ∈ W (M,T ) : v′′ ∈ L∞(0, T ;L2)}.

We next establish the linear recurrent sequence {um} as follows:
We shall choose the first term u0 ≡ 0 and suppose that

um−1 ∈ W1(M,T ). (3.7)

We find um ∈ W1(M,T ) is a solution of the variational problem associating Prob. (1.1) as
follows

⟨u′′
m(t), v⟩+ λ ⟨u′

mx(t), vx⟩+ ⟨µ1m(t)umx(t), vx⟩ =
∫ t

0

µ2m(t, s) ⟨umx(s), vx⟩ ds

+ ⟨Fm(t), v⟩ , ∀v ∈ H1
0 ,

um(0) = ũ0, u′
m(0) = ũ1,

(3.8)

where

µ1m(x, t) = µ1[um−1](x, t) = µ1(x, t, um−1 (x, t) , ∥um−1(t)∥2 , ∥∇um−1(t)∥2), (3.9)

µ2m(t, s) = µ2[um−1](t, s) = µ2(t, s, ∥um−1(s)∥2 , ∥∇um−1(s)∥2),
Fm(x, t) = f [um−1](x, t) = f

(
x, t, um−1(x, t),∇um−1(x, t), u

′
m−1(x, t)

)
.

Then, we have the following theorem concerning the existence and uniqueness of a weak
solution.

Theorem 3.2. Let (H1)− (H4) hold. Then, there exist positive constants M, T such that
(i) Prob. (1.1) has a unique weak solution u ∈ W1(M,T ).
(ii) The linear recurrent sequence {um} defined by (3.7)-(3.9) converges to the solution u

strongly in the space W1(T ) with the estimate

∥um − u∥W1(T ) ≤
M

1− kT
km
T , for all m ∈ N, (3.10)

where kT ∈ [0, 1) is a constant independent of m.

Proof. The proof is similar to the argument in [14], so we omit the details.
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3.2 Exponential decay of the solution

In this section, Prob. (1.1) is considered with µ1 = µ1

(
∥ux(t)∥2

)
, µ2 = µ2 (t) g(t− s),

f (x, t, u, ux, ut) = −λ1ut −
N∑
i=1

Ki |u|pi−2 u+ F (x, t),

it means that Prob. (1.1) becomes

utt − λutxx − µ1

(
∥ux(t)∥2

)
uxx + µ2 (t)

∫ t

0

g(t− s)uxx(x, s)ds

+λ1ut +
N∑
i=1

Ki |u|pi−2 u = F (x, t) , 0 < x < 1, t > 0,

u(0, t) = u(1, t) = 0,

u(x, 0) = ũ0(x), ut(x, 0) = ũ1(x),

(3.11)

where pi > 2, Ki > 0, λ > 0, λ1 > 0 are given constants, and F, µ1, µ2, g, ũ0, ũ1 are given
functions satisfying conditions specified later. Here, we shall prove the exponential decay of
the weak solution of Prob. (3.11) as t → ∞, i.e., there exist positive constants C̄, γ̄, such that

∥u′ (t)∥2 + ∥ux (t)∥2 +
N∑
i=1

∥u(t)∥piLpi ≤ C̄e−γ̄t, for all t ≥ 0. (3.12)

First, for T > 0, we suppose that

(H1) ũ0, ũ1 ∈ H2 ∩H1
0 ;

(Ĥ2) µ1 ∈ C1(R+) and there exist two positive constants µ1∗, µ̄
∗
1 such that

(i) µ1(z) ≥ µ1∗ > 0, ∀z ≥ 0;
(ii) |zµ′

1 (z)| ≤ µ̄∗
1µ1 (z) , ∀z ≥ 0,

(Ĥ3) µ2 ∈ C1([0, T ]);

(Ĥ4) g ∈ C1([0, T ]);

(Ĥ5) F ∈ C1(Q̄T ).

Then, we have the following theorem.

Theorem 3.3. Let pi > 2, Ki > 0 (i = 1, · · · , N), λ > 0, λ1 > 0. Suppose that (H1), (Ĥ2)−(Ĥ5)
hold. Then, Prob. (3.11) has a unique solution u such that

u ∈ L∞(0, T ;H2 ∩H1
0 ), u′ ∈ L∞(0, T ;H2 ∩H1

0 ) and u′′ ∈ L∞(0, T ;L2)∩L2(0, T ;H1
0 ). (3.13)

Note that from (3.13), we deduce
u ∈ C0([0, T ];H2 ∩H1

0 ) ∩ C1([0, T ];H1
0 ) ∩ L∞(0, T ;H2 ∩H1

0 ),

u′ ∈ C0([0, T ];H1
0 ) ∩ L∞(0, T ;H2 ∩H1

0 ),

u′′ ∈ L∞(0, T ;L2) ∩ L2(0, T ;H1
0 ).

(3.14)

If ũ0, ũ1, g and F are less smooth as follows

(H̄1) (ũ0, ũ1) ∈ H1
0 × L2;

(H̄4) g ∈ L2(0, T );
(H̄5) F ∈ L2(QT ),
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then we also obtain the existence of a weak solution (as in Theorem 3.4 below) u ∈ W̃1(T ) =
{u ∈ C0 ([0, T ] ;H1

0 ) ∩ C1 ([0, T ] ;L2) : u′ ∈ L2(0, T ;H1
0 )}.

We note more that W̃1(T ) is a Banach space (Lions [6]) which respects to the norm

∥v∥W̃1(T ) = ∥v∥C0([0,T ];H1
0)

+ ∥v∥C1([0,T ];L2) + ∥v′∥L2(0,T ;H1
0 )
. (3.15)

Theorem 3.4. Let pi > 2, Ki > 0 (i = 1, · · · , N), λ > 0, λ1 > 0 and the assumptions
(
H̄1

)
,

(Ĥ2), (Ĥ3),
(
H̄4

)
, (H̄5) hold. Then, Prob. (3.11) has a unique weak solution u in W̃1(T ).

Proof. Consider (ũ0, ũ1, g, F ) ∈ H1
0 ×L2×L2 (0, T )×L2 (QT ) . By using standard arguments of

density, there exists a sequence {(ũ0m, ũ1m, gm, Fm)} ⊂ C∞
c

(
Ω̄
)
×C∞

c (Ω)×C∞
c (0, T )×C∞

c (QT ) ,
such that 

(ũ0m, ũ1m) → (ũ0, ũ1) strongly in H1
0 × L2,

gm → g strongly in L2(0, T ),
Fm → F strongly in L2(QT ).

(3.16)

Then, for eachm ∈ N, there exists a unique function um under the conditions of Theorem3.3.
Thus, we can verify

⟨u′′
m (t) , v⟩+ λ ⟨u′

mx(t), vx⟩+ µ1

(
∥umx(t)∥2

)
⟨umx(t), vx⟩

+λ1 ⟨u′
m(t), v⟩+

N∑
i=1

Ki

〈
|um(t)|pi−2 um(t), v

〉
= µ2 (t)

∫ t

0

gm(t− s) ⟨umx(s), vx⟩ ds+ ⟨Fm(t), v⟩ , ∀v ∈ H1
0 , a.e., t ∈ (0, Tm),

um (0) = ũ0m, u′
m (0) = ũ1m,

(3.17)

and 
um ∈ C0([0, Tm];H

2 ∩H1
0 ) ∩ C1([0, Tm];H

1
0 ) ∩ L∞(0, Tm;H

2 ∩H1
0 ),

u′
m ∈ C0([0, Tm];H

1
0 ) ∩ L∞(0, Tm;H

2 ∩H1
0 ),

u′′
m ∈ L∞(0, Tm;L

2) ∩ L2(0, Tm;H
1
0 ).

(3.18)

A priori estimates.
We take v = u′

m (t) in (3.17), we have

Sm (t) = Sm (0) + 2

∫ t

0

⟨Fm (s) , u′
m (s)⟩ ds (3.19)

+ 2

∫ t

0

µ2 (τ) dτ

∫ τ

0

gm(τ − s) ⟨umx(s), u
′
mx(τ)⟩ ds

= Sm (0) + I1 + I2,

where

Sm(t) = ∥u′
m(t)∥

2
+ 2λ

∫ t

0

∥u′
mx(s)∥

2
ds (3.20)

+ 2λ1

∫ t

0

∥u′
m(s)∥

2
ds+

∫ ∥umx(t)∥2

0

µ1(z)dz

+
N∑
i=1

2Ki

pi
∥um(t)∥piLpi .
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Noting that, from

Sm (t) ≥ γ∗

(
∥u′

m(t)∥
2
+ ∥umx(t)∥2 +

∫ t

0

∥u′
mx(s)∥

2
ds+

∫ t

0

∥u′
m(s)∥

2
ds

)
, (3.21)

with γ∗ = min{1, µ1∗, 2λ, 2λ1} > 0, we will estimate the integrals I1, I2 in the right hand side
of (3.19) as follows:

I1 = 2

∫ t

0

⟨Fm (s) , u′
m (s)⟩ ds ≤ ∥Fm∥2L2(QT ) +

∫ t

0

Sm (s) ds; (3.22)

I2 = 2

∫ t

0

µ2 (τ) dτ

∫ τ

0

gm(τ − s) ⟨umx(s), u
′
mx(τ)⟩ ds

≤ 2 ∥µ2∥L∞

∫ t

0

∥u′
mx(τ)∥ dτ

∫ τ

0

|gm(τ − s)| ∥umx(s)∥ ds

≤ 2

γ∗
∥µ2∥L∞ ∥gm∥L2

√
T ∗
√

Sm(t)

[∫ t

0

Sm(s)ds

]1/2
≤ 1

2
Sm(t) +

2

γ2
∗
∥µ2∥2L∞ ∥gm∥2L2 T

∗
∫ t

0

Sm(s)ds,

where ∥µ2∥L∞ = ∥µ2∥L∞(0,T ) , ∥gm∥L2 = ∥gm∥L2(0,T ) .
From (3.22) and (3.19), we deduce that

Sm(t) ≤ 2Sm (0) + 2 ∥Fm∥2L2(QT )

+ 2

(
1 +

2T ∗

γ2
∗

∥µ2∥2L∞ ∥gm∥2L2

)∫ t

0

Sm(s)ds, 0 ≤ t ≤ Tm ≤ T. (3.23)

Since

Sm(0) = ∥ũ1m∥2 +
∫ ∥ũ0mx∥2

0

µ1(z)dz +
N∑
i=1

2Ki

pi
∥ũ0m∥piLpi ,

and from (3.16), there exists a posive constant C̃1 which is independent of m such that

2Sm (0) + 2 ∥Fm∥2L2(QT ) + 2

(
1 +

2T ∗

γ2
∗

∥µ2∥2L∞ ∥gm∥2L2

)
≤ C̃1, ∀m ∈ N. (3.24)

From (3.23) and (3.24), it implies that

Sm(t) ≤ C̃1 + C̃1

∫ t

0

Sm(s)ds, 0 ≤ t ≤ Tm ≤ T, ∀m ∈ N. (3.25)

By Gronwall’s lemma, it follows from (3.25) that

Sm (t) ≤ C̃1 exp
(
TC̃1

)
= C̃T , ∀t ∈ [0, T ] . (3.26)

Therefore, we can take Tm = T for all m ∈ N. Now, we shall prove that {um} is a Cauchy
sequence in C0 ([0, T ] ;H1

0 ) ∩ C1 ([0, T ] ;L2) . First, we put{
wm,l = um − ul, Fm,l = Fm − Fl, gm,l = gm − gl,
ũ0m,l = ũ0m − ũ0l, ũ1m,l = ũ1m − ũ1l,

(3.27)
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and from (3.17), we deduce that

〈
w′′

m,l (t) , v
〉
+ λ

〈
w′

m,lx(t), vx
〉
+ µ1

(
∥umx(t)∥2

)
⟨∇Wm,l(t), vx⟩

+
[
µ1

(
∥umx(t)∥2

)
− µ1

(
∥ulx(t)∥2

)]
⟨ulx(t), vx⟩

+λ1

〈
w′

m,l(t), v
〉
+

N∑
i=1

Ki

〈
|um(t)|pi−2 um(t)− |ul(t)|pi−2 ul(t), v

〉
= µ2 (t)

∫ t

0

gm(t− s) ⟨∇wm,l(s), vx⟩ ds+ µ2 (t)

∫ t

0

gm,l(t− s) ⟨ulx(s), vx⟩ ds

+ ⟨Fm,l(t), v⟩ , ∀v ∈ H1
0 , a.e., t ∈ (0, T ),

wm,l (0) = ũ0m,l, w′
m,l (0) = ũ1m,l.

(3.28)

Setting v = w′
m,l = u′

m − u′
l in (3.28) and then integrating with respect to the time variable

from 0 to t, we have

Sm,l (t) = Sm,l (0) + 2

∫ t

0

〈
Fm,l (s) , w

′
m,l (s)

〉
ds (3.29)

− 2
N∑
i=1

Ki

∫ t

0

〈
|um(s)|pi−2 um(s)− |ul(s)|pi−2 ul(s), w

′
m,l (s)

〉
ds

+ 2

∫ t

0

µ′
1

(
∥umx(s)∥2

)
⟨umx(s), u

′
mx(s)⟩ ∥∇wm,l(s)∥2 ds

− 2

∫ t

0

[
µ1

(
∥umx(s)∥2

)
− µ1

(
∥ulx(s)∥2

)] 〈
ulx(s),∇w′

m,l(s)
〉
ds

+ 2

∫ t

0

µ2 (τ) dτ

∫ τ

0

gm(τ − s)
〈
∇wm,l(s),∇w′

m,l(τ)
〉
ds

+ 2

∫ t

0

µ2 (τ) dτ

∫ τ

0

gm,l(τ − s)
〈
ulx(s),∇w′

m,l(τ)
〉
ds

≡ Sm,l (0) + J1 + J2 + J3 + J4 + J5 + J6,

where

Sm,l (t) =
∥∥w′

m,l(t)
∥∥2 + µ1

(
∥umx(t)∥2

)
∥∇wm,l(t)∥2 (3.30)

+ 2λ

∫ t

0

∥∥∇w′
m,l(s)

∥∥2 ds+ 2λ1

∫ t

0

∥∥w′
m,l(s)

∥∥2 ds,
Sm,l (0) =

∥∥w′
m,l (0)

∥∥2 + µ1

(
∥ũ0mx∥2

)
∥∇wm,l (0)∥2

= ∥ũ1m − ũ1l∥2 + µ1

(
∥ũ0mx∥2

)
∥ũ0mx − ũ0lx∥2 → 0 as m, l → ∞.

Note that

Sm,l (t) ≥ γ∗

(∥∥w′
m,l(t)

∥∥2 + ∥∇wm,l(t)∥2 +
∫ t

0

∥∥∇w′
m,l(s)

∥∥2 ds+ ∫ t

0

∥∥w′
m,l(s)

∥∥2 ds) ,

where γ∗ = min{1, µ1∗, 2λ, 2λ1} > 0, the terms J1 − J6 on the right-hand side of (3.29) are
estimated as follows.
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Estimate of J1. We have

J1 = 2

∫ t

0

〈
Fm,l (s) , w

′
m,l (s)

〉
ds ≤ ∥Fm,l∥2L2(QT∗ )

+

∫ t

0

Sm,l (s) ds. (3.31)

Estimate of J2. From (3.26) and using the following inequality∣∣|x|p−2 x− |y|p−2 y
∣∣ ≤ (p− 1)Mp−2

1 |x− y| , ∀x, y ∈ [−M1,M1], ∀M1 > 0, ∀p > 2,

with M1 =

√
C̃T

γ∗
, we have

J2 = −2
N∑
i=1

Ki

∫ t

0

〈
|um(s)|pi−2 um(s)− |ul(s)|pi−2 ul(s), w

′
m,l (s)

〉
ds (3.32)

≤ 2
N∑
i=1

Ki

∫ t

0

∥∥|um(s)|pi−2 um(s)− |ul(s)|pi−2 ul(s)
∥∥∥∥w′

m,l (s)
∥∥ ds

≤ 2
N∑
i=1

Ki (pi − 1)

√C̃T

γ∗

pi−2 ∫ t

0

∥wm,l (s)∥
∥∥w′

m,l (s)
∥∥ ds

≤
N∑
i=1

Ki
pi − 1

γ∗

√C̃T

γ∗

pi−2 ∫ t

0

Sm,l (s) ds.

Estimate of J3. Setting µ∗∗
1 = sup{|µ′

1 (z)| : 0 ≤ z ≤ C̃T

γ∗
}, from (Ĥ2(ii)) and the following

inequalities

Sm,l (t) =
∥∥w′

m,l(t)
∥∥2 + µ1

(
∥umx(t)∥2

)
∥∇wm,l(t)∥2

+ 2λ

∫ t

0

∥∥∇w′
m,l(s)

∥∥2 ds+ 2λ1

∫ t

0

∥∥w′
m,l(s)

∥∥2 ds
≥ µ1

(
∥umx(t)∥2

)
∥∇wm,l(t)∥2

=
√
µ1

(
∥umx(t)∥2

)√
µ1

(
∥umx(t)∥2

)
∥∇wm,l(t)∥2

≥ √
µ1∗

√
µ1

(
∥umx(t)∥2

)
∥∇wm,l(t)∥2 ,

and

∣∣µ′
1

(
∥umx(s)∥2

)∣∣ ∥umx(s)∥ ≤
√∣∣µ′

1

(
∥umx(s)∥2

)∣∣√∣∣µ′
1

(
∥umx(s)∥2

)∣∣ ∥umx(s)∥2

≤
√
µ∗∗
1

√
µ̄∗
1µ1

(
∥umx(s)∥2

)
=
√

µ∗∗
1 µ̄∗

1

√
µ1

(
∥umx(s)∥2

)
,
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we have the estimate of J3 as follows

J3 = 2

∫ t

0

µ′
1

(
∥umx(s)∥2

)
⟨umx(s), u

′
mx(s)⟩ ∥∇wm,l(s)∥2 ds (3.33)

≤ 2

∫ t

0

∣∣µ′
1

(
∥umx(s)∥2

)∣∣ ∥umx(s)∥ ∥u′
mx(s)∥ ∥∇wm,l(s)∥2 ds

= 2

∫ t

0

∥u′
mx(s)∥

∣∣µ′
1

(
∥umx(s)∥2

)∣∣ ∥umx(s)∥ ∥∇wm,l(s)∥2 ds

≤ 2
√
µ∗∗
1 µ̄∗

1

∫ t

0

∥u′
mx(s)∥

√
µ1

(
∥umx(s)∥2

)
∥∇wm,l(s)∥2 ds

≤ 2
√
µ∗∗
1 µ̄∗

1

∫ t

0

∥u′
mx(s)∥

Sm,l (s)√
µ1∗

ds

= 2

√
µ∗∗
1 µ̄∗

1

µ1∗

∫ t

0

∥u′
mx(s)∥Sm,l (s) ds.

Estimate of J4. Using the mean value theorem of Lagrange, there exists a positive constant
θ ∈ (0, 1) such that

µ1

(
∥umx(s)∥2

)
− µ1

(
∥ulx(s)∥2

)
=
[
∥umx(s)∥2 − ∥ulx(s)∥2

]
µ′
1

(
θ ∥umx(s)∥2 + (1− θ) ∥ulx(s)∥2

)
.

Thus, we obtain that

∣∣µ1

(
∥umx(s)∥2

)
− µ1

(
∥ulx(s)∥2

)∣∣ ≤ µ∗∗
1

∣∣∥umx(s)∥2 − ∥ulx(s)∥2
∣∣

≤ 2

√
C̃T

γ∗
µ∗∗
1 ∥∇wm,l(s)∥ .

It leads to

|J4| =
∣∣∣∣−2

∫ t

0

[
µ1

(
∥umx(s)∥2

)
− µ1

(
∥ulx(s)∥2

)] 〈
ulx(s),∇w′

m,l(s)
〉
ds

∣∣∣∣ (3.34)

≤ 2

∫ t

0

∣∣µ1

(
∥umx(s)∥2

)
− µ1

(
∥ulx(s)∥2

)∣∣ ∥ulx(s)∥
∥∥∇w′

m,l(s)
∥∥ ds

≤ 4
C̃T

γ∗
µ∗∗
1

∫ t

0

∥∇wm,l(s)∥
∥∥∇w′

m,l(s)
∥∥ ds

≤ βγ∗

∫ t

0

∥∥∇w′
m,l(s)

∥∥2 ds+ 4
C̃2

T

βγ3
∗
(µ∗∗

1 )2
∫ t

0

∥∇wm,l(s)∥2 ds

≤ βSm,l (t) + 4
C̃2

T

βγ4
∗
(µ∗∗

1 )2
∫ t

0

Sm,l (s) ds.
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Estimate of J5.

J5 = 2

∫ t

0

µ2 (τ) dτ

∫ τ

0

gm(τ − s)
〈
∇wm,l(s),∇w′

m,l(τ)
〉
ds (3.35)

≤ 2 ∥µ2∥L∞

∫ t

0

∥∥∇w′
m,l(τ)

∥∥ dτ ∫ τ

0

|gm(τ − s)| ∥∇wm,l(s)∥ ds

≤ 2 ∥µ2∥L∞

√
T ∥gm∥L2

[∫ t

0

∥∥∇w′
m,l(τ)

∥∥2 dτ]1/2 [∫ t

0

∥∇wm,l(s)∥2 ds
]1/2

≤ 2

γ∗
∥µ2∥L∞

√
T ∥gm∥L2 [Sm,l (t)]

1/2

[∫ t

0

Sm,l (s) ds

]1/2
≤ βSm,l (t) +

1

βγ∗
∥µ2∥2L∞ T ∥gm∥2L2

∫ t

0

Sm,l (s) ds,

with ∥µ2∥L∞ = ∥µ2∥L∞(0,T ) , ∥gm∥L2 = ∥gm∥L2(0,T ) .
Estimate of J6.

J6 = 2

∫ t

0

µ2 (τ) dτ

∫ τ

0

gm,l(τ − s)
〈
ulx(s),∇w′

m,l(τ)
〉
ds (3.36)

≤ 2 ∥µ2∥L∞

√
T ∥gm,l∥L2

[∫ t

0

∥∥∇w′
m,l(τ)

∥∥2 dτ]1/2 [∫ t

0

∥ulx(s)∥2 ds
]1/2

≤ 2 ∥µ2∥L∞

√
T ∥gm,l∥L2

[
Sm,l (t)

γ∗

]1/2√
C̃T

γ∗

=
2

γ∗

√
C̃T ∥µ2∥L∞

√
T ∥gm,l∥L2

√
Sm,l (t) ≤ βSm,l (t) +

1

βγ2
∗
C̃T ∥µ2∥2L∞ T ∥gm,l∥2L2 .

Choosing β =
1

6
, from (3.31)-(3.36), it follows from (3.29) that

Sm,l (t) ≤ RT (m, l) +

∫ t

0

R̄m(s)Sm,l (s) ds, (3.37)

where

RT (m, l) = 2Sm,l (0) + 2 ∥Fm,l∥2L2(QT∗ )
+

12

γ2
∗
C̃T ∥µ2∥2L∞ T ∥gm,l∥2L2 , (3.38)

R̄m(s) = D̃
(1)
T + D̃

(m)
T + 4

√
µ∗∗
1 µ̄∗

1

µ1∗
∥u′

mx(s)∥ ,

D̃
(1)
T = 2

1 + N∑
i=1

Ki
pi − 1

γ∗

√C̃T

γ∗

pi−2

+
24C̃2

T

γ4
∗

(µ∗∗
1 )2

 ,

D̃
(m)
T =

12

γ∗
T ∥µ2∥2L∞ ∥gm∥2L2 .

From (3.16), we get

RT (m, l) = 2Sm,l (0) + 2 ∥Fm,l∥2L2(QT∗ )
+

12

γ2
∗
TC̃T ∥µ2∥2L∞ ∥gm,l∥2L2 (3.39)

→ 0, as m, l → +∞;
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and there exists a constants D̃
(2)
T > 0 such that

D̃
(m)
T =

12

γ∗
∥µ2∥2L∞ T ∥gm∥2L2 ≤ D̃

(2)
T , ∀m ∈ N.

From (3.38), we deduce that∫ t

0

R̄m(s)ds ≤
∫ t

0

[
D̃

(1)
T + D̃

(m)
T + 4µ̄∗

1 ∥u′
mx(s)∥

]
ds

≤ T
(
D̃

(1)
T + D̃

(m)
T

)
+ 4µ̄∗

1

√
T

(∫ T

0

∥u′
mx(s)∥

2
ds

)1/2

≤ TD̃
(2)
T + 4µ̄∗

1

√
T

√
C̃T

γ∗
≡ D̃

(3)
T , ∀m ∈ N.

Using Gronwall’ lemma, and from (3.37), we obtain

Sm,l (t) ≤ RT (m, l) exp

(∫ t

0

R̄m(s)ds

)
(3.40)

≤ RT (m, l) exp
(
TD̃

(3)
T

)
≡ D̃

(4)
T RT (m, l) , ∀m, l ∈ N, ∀t ∈ [0, T ] .

Combining (3.30), (3.39), (3.40), it implies that

sup
0≤t≤T

∥u′
m(t)− u′

l(t)∥
2
+ sup

0≤t≤T
∥∇um(t)−∇ul(t)∥2 + ∥u′

m − u′
l∥

2
L2(0,T ;H1

0 )
(3.41)

≤ 3

γ∗
D̃

(4)
T RT (m, l) → 0, as m, l −→ +∞.

We deduce that {um} is a Cauchy in W̃1(T ), there exists a function u ∈ W̃1(T ) such that

um → u strongly in W̃1(T ). (3.42)

From (3.42) and using the inequality
∣∣|x|p−2 x− |y|p−2 y

∣∣ ≤ (p − 1)Mp−2
1 |x− y| , ∀x, y ∈

[−M1,M1], ∀M1 > 0,∀p > 2, with M1 =

√
C̃T

γ∗
, we have

∥∥|um|pi−2 um − |u|pi−2 u
∥∥
L∞(QT )

≤ (pi − 1)

√C̃T

γ∗

pi−2

√
T sup

0≤t≤T
∥umx (t)− ux (t)∥ → 0,

(3.43)
so

|um|pi−2 um → |u|pi−2 u strongly in L∞ (QT ) . (3.44)

Therefore
N∑
i=1

Ki |um|pi−2 um →
N∑
i=1

Ki |u|pi−2 u strongly in L∞ (QT ) . (3.45)

On the other hand, we have

sup
0≤t≤T

∣∣µ1

(
∥umx(t)∥2

)
− µ1

(
∥ux(t)∥2

)∣∣ ≤ 2

√
C̃T

γ∗
µ∗∗
1 sup

0≤t≤T
∥umx (t)− ux (t)∥ → 0.
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Then, we conclude

µ1

(
∥umx(t)∥2

)
→ µ1

(
∥ux(t)∥2

)
strongly in C0 ([0, T ]) . (3.46)

Passing to the limit in (3.17) by (3.42), (3.45) and (3.46), we have u satisfying the problem

d

dt
⟨u′ (t) , v⟩+ λ ⟨u′

x(t), vx⟩+ µ1

(
∥ux(t)∥2

)
⟨ux(t), vx⟩

+λ1 ⟨u′(t), v⟩+
N∑
i=1

Ki

〈
|u(t)|pi−2 u(t), v

〉
= µ2 (t)

∫ t

0

g(t− s) ⟨ux(s), vx⟩ ds+ ⟨F (t), v⟩ , ∀v ∈ H1
0 , a.e., t ∈ (0, T ),

u (0) = ũ0, u′ (0) = ũ1.

(3.47)

Theorem 3.4 is proven.

In the following, to obtain the decay result, besides the assumptions
(
H̄1

)
, (Ĥ2) for the

functions ũ0, ũ1, µ1 as before, the assumptions for the function µ2, g, F shall be added as
follows.
(H∞

3 ) : µ2 ∈ C1(R+);
(i) µ′

2(t) ≤ −ζ2µ2(t) < 0, ∀t ≥ 0;
(ii) 0 < µ2(t) ≤ µ2(0), ∀t ≥ 0;

(H∞
4 ) : g ∈ L1(R+);

(i) L = µ1∗ − µ2 (0)

∫ ∞

0

g(s)ds > 0;

(ii) g′(t) ≤ −ζ1g(t) < 0, ∀t ≥ 0;

(H∞
5 ) F ∈ L2 (R+;L

2) and there exist two positive constants C∗, η∗ such that
∥F (t)∥ ≤ C∗e

−η∗t, ∀t ≥ 0.
Let

(
H̄1

)
, (Ĥ2), (H

∞
3 ), (H∞

4 ), (H∞
5 ) hold and pi > 2, Ki > 0 (i = 1, · · · , N), λ > 0, λ1 > 0.

For T > 0, based on Theorem 4.2, there exist a unique weak solution u of Prob. (3.11) such
that

u ∈ W̃1(T ) = {u ∈ C0
(
[0, T ] ;H1

0

)
∩ C1

(
[0, T ] ;L2

)
: u′ ∈ L2(0, T ;H1

0 )}. (3.48)

We now construct the Lyapunov functional in the form

L (t) = E (t) + δΨ(t) , (3.49)

where δ > 0 is chosen suitably and

E (t) =
1

2
∥u′ (t)∥2 +

N∑
i=1

Ki

pi
∥u(t)∥piLpi +

1

2
µ2 (t) (g ∗ u)(t)

+
1

2

(∫ ∥ux(t)∥2

0

µ1 (z) dz − µ2 (t) g̃(t) ∥ux (t)∥2
)
,

Ψ(t) = ⟨u (t) , u′ (t)⟩+ λ

2
∥ux (t)∥2 +

λ1

2
∥u (t)∥2 ,

(g ∗ u)(t) =
∫ t

0

g(t− s) ∥ux(t)− ux(s)∥2 ds,

g̃(t) =

∫ t

0

g(s)ds.

(3.50)

We have the following estimate for E ′ (t)
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Lemma 3.5. For all ε1 > 0, we have

E ′ (t) ≤ −λ ∥u′
x (t)∥

2 − (λ1 −
ε1
2
) ∥u′ (t)∥2 − 1

2
(ζ1 + ζ2)µ2 (t) (g ∗ u)(t) (3.51)

− 1

2
µ2 (t) g(t) ∥ux (t)∥2 −

1

2
µ′
2 (t) g̃(t) ∥ux (t)∥2 +

1

2ε1
∥F (t)∥2 .

Proof. . Multiplying (3.11)1 by u′ (x, t), and integrating over [0, 1], we get

E ′ (t) = −λ ∥u′
x (t)∥

2 − λ1 ∥u′ (t)∥2 + 1

2
[µ′

2 (t) (g ∗ u)(t) + µ2 (t) (g
′ ∗ u)(t)] (3.52)

− 1

2
µ2 (t) g(t) ∥ux (t)∥2 −

1

2
µ′
2 (t) g̃(t) ∥ux (t)∥2 + ⟨F (t) , u′ (t)⟩ .

Using the following inequality

⟨F (t) , u′ (t)⟩ ≤ ε1
2
∥u′ (t)∥2 + 1

2ε1
∥F (t)∥2 , for all ε1 > 0, (3.53)

µ′
2 (t) (g ∗ u)(t) ≤ −ζ2µ2 (t) (g ∗ u)(t),

µ2 (t) (g
′ ∗ u)(t) ≤ −ζ1µ2 (t) (g ∗ u)(t),

by (3.52), we obtain (3.51). The lemma is proven.

We choose ε̃1 > 0 such that 0 <
ε̃1
2

< λ1. From Lemma 3.5, we deduce

E ′ (t) ≤ 1

2
|µ′

2 (t)| g̃(t) ∥ux (t)∥2 +
1

2ε̃1
∥F (t)∥2 . (3.54)

Note that

E (0) =
1

2
∥ũ1∥2 +

N∑
i=1

Ki

pi
∥ũ0∥piLpi +

1

2

∫ ∥ũ0x∥2

0

µ1 (z) dz > 0,

and

E (t) ≥ 1

2

(∫ ∥ux(t)∥2

0

µ1 (z) dz − µ2 (t) g̃(t) ∥ux (t)∥2
)

(3.55)

≥ 1

2
(µ1∗ − µ2 (0) g̃(∞)) ∥ux (t)∥2 =

L

2
∥ux (t)∥2 ,

with g̃(∞) =

∫ ∞

0

g(s)ds, we have

E (t) ≤ E (0) +
1

2ε̃1

∫ t

0

∥F (s)∥2 ds+ 1

2

∫ t

0

|µ′
2 (s)| g̃(s) ∥ux (s)∥2 ds (3.56)

≤ E (0) +
1

2ε̃1
∥F∥2L2(R+;L2) +

1

L
g̃(∞)

∫ t

0

|µ′
2 (s)|E (s) ds.

From Gronwall’s lemma, we get

E (t) ≤
(
E (0) +

1

2ε̃1
∥F∥2L2(R+;L2)

)
exp

(
1

L
g̃(∞)

∫ t

0

|µ′
2 (s)| ds

)
(3.57)

≤
(
E (0) +

1

2ε̃1
∥F∥2L2(R+;L2)

)
exp

(
1

L
g̃(∞) ∥µ′

2∥L1(R+)

)
= R2

∗.

Consequently, the solution u(t) is expanded and defined over t ≥ 0. The following lemma states
the relation between L (t) and E1 (t), it is not difficult to prove this lemma.
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Lemma 3.6. We put

E1 (t) = ∥u′ (t)∥2 + ∥ux (t)∥2 +
N∑
i=1

∥u(t)∥piLpi + µ2 (t) (g ∗ u)(t). (3.58)

Then, there exist positive constants β̄1, β̄2, such that

β̄1E1 (t) ≤ L (t) ≤ β̄2E1 (t) , (3.59)

with δ > 0 small enough.

We have the following estimate for Ψ′ (t) .

Lemma 3.7. For all ε2 > 0, we have

Ψ′ (t) ≤ ∥u′ (t)∥2 −
(
µ1∗ −

ε2
2
− 3

2
g̃(∞)µ2 (0)

)
∥ux (t)∥2 (3.60)

−
N∑
i=1

Ki ∥u(t)∥piLpi +
1

2
µ2 (t) (g ∗ u)(t) +

1

2ε2
∥F (t)∥2 .

Proof. Multiplying (3.11)1 by u (x, t) , and integrating over [0, 1], we get

Ψ′ (t) = ∥u′ (t)∥2 − µ1

(
∥ux(t)∥2

)
∥ux (t)∥2 −

N∑
i=1

Ki ∥u(t)∥piLpi (3.61)

+ µ2 (t)

∫ t

0

g(t− s) ⟨ux (s) , ux (t)⟩ ds+ ⟨F (t) , u (t)⟩ .

We note that

⟨F (t) , u (t)⟩ ≤ ε2
2
∥ux (t)∥2 +

1

2ε2
∥F (t)∥2 , for all ε2 > 0, (3.62)

−µ1

(
∥ux(t)∥2

)
∥ux (t)∥2 ≤ −µ1∗ ∥ux (t)∥2 ,∫ t

0

g(t− s) ⟨ux (s) , ux (t)⟩ ds ≤
1

2
(g ∗ u)(t) + 3

2
g̃(t) ∥ux (t)∥2 .

Hence, we obtain (3.60) from (3.61) and (3.62). Lemma 3.7 is proven.

Finally, we shall have the estimate for the decay of the solution as follows.

Putting ρ (t) =
1

2

(
1

ε1
+

δ

ε2

)
∥F (t)∥2 , and from Lemma 3.5 to Lemma 3.7, we deduce that

L′ (t) ≤ −(λ1 −
ε1
2
− δ) ∥u′ (t)∥2 − 1

2
(ζ1 + ζ2 − δ)µ2 (t) (g ∗ u)(t)− δ

N∑
i=1

Ki ∥u(t)∥piLpi (3.63)

−
[
δ

(
µ1∗ −

ε2
2
− 3

2
g̃(∞)µ2 (0)

)
− 1

2
∥µ′

2∥L∞ g̃(∞)

]
∥ux (t)∥2 + ρ (t) ,

for all δ, 0 < δ < min{1, L
2
}, ∀ε1 > 0 and ∀ε2 > 0.
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We choose ε1 > 0 and ε2 > 0 such that

λ1 −
ε1
2

> 0, µ1∗ −
ε2
2

> 0. (3.64)

We continue by choosing δ > 0 such that

0 < δ < min{1, L
2
}, θ1 = λ1 −

ε1
2
− δ > 0, (3.65)

2θ2 = ζ1 + ζ2 − δ > 0.

From the assumption of F, we have

ρ (t) =
1

2

(
1

ε1
+

δ

ε2

)
∥F (t)∥2 ≤ C̃1e

−2η∗t, ∀t ≥ 0, (3.66)

where C̃1 =
1

2

(
1

ε1
+

δ

ε2

)
C2

∗ .

We can choose g̃(∞) =

∫ ∞

0

g(s)ds > 0 is small enough such that

θ3 ≡ δ

(
µ1∗ −

ε2
2
− 3

2
g̃(∞)µ2 (0)

)
− 1

2
∥µ′

2∥L∞ g̃(∞) > 0, (3.67)

it leads to

0 < g̃(∞) =

∫ ∞

0

g(s)ds <
2δ
(
µ1∗ −

ε2
2

)
3δµ2 (0) + ∥µ′

2∥L∞
. (3.68)

Then

L′ (t) ≤ −θ1 ∥u′ (t)∥2 − θ2µ2 (t) (g ∗ u)(t)− δ
N∑
i=1

Ki ∥u(t)∥piLpi − θ3 ∥ux (t)∥2 + C̃1e
−2η∗t

≤ −β3E1(t) + C̃1e
−2η∗t ≤ −β3

β̄2

L (t) + C̃1e
−2η∗t ≤ −γ̄L (t) + C̃1e

−2η∗t,

where β3 = min {θ1, θ2, θ3, δK, δK1} and 0 < γ̄ < min

{
2η∗,

β3

β̄2

}
.

It gives

L (t) ≤

(
L (0) +

C̃1

2η∗ − γ̄

)
e−γ̄t. (3.69)

Using Lemma 3.6, and from (3.69), we obtain

E1 (t) ≤
1

β̄1

L (t) ≤ 1

β̄1

(
L (0) +

C̃1

2η∗ − γ̄

)
e−γ̄t ≡ C̄e−γ̄t, ∀t ≥ 0. (3.70)

Therefore, we obtain the main result in this section as follows.

82



Thu Dau Mot University Journal of Science - Volume 5 - Special Issue - 2023

Theorem 3.8. Assume that
(
H̄1

)
, (Ĥ2), (H

∞
3 ), (H∞

4 ), and (H∞
5 ) hold and λ1 > 0, λ > 0,

pi > 2, Ki > 0 (i = 1, · · · , N). Let

∫ ∞

0

g(s)ds > 0 be small enough, then there exists a unique

weak solution u of Prob. (3.11) such that u belongs to C0 (R+;H
1
0 )∩C1 (R+;L

2) . Furthermore,
there exist positive constants C̄, γ̄, such that

∥u′ (t)∥2 + ∥ux (t)∥2 +
N∑
i=1

∥u(t)∥piLpi ≤ C̄e−γ̄t, ∀t ≥ 0. (3.71)
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