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ABSTRACT
In this paper, we consider the Dirichlet boundary problem for a nonlinear wave equation
of Kirchhoff-Carrier-Love type as follow

( uy — B (Hu(t)||2 ) Huw(t)||2) (um + umtt)

p
= f(l',t, U, Uy, ut7u33t) + Zgifi(x7tu U, Ug, Uty uzt)

i=1 (1)

for 0<x<1 0<t<T,
u(0,t) = u(l,t) =0,
u(z,0) = tg(x), w(z,0) = u1(x),

\

where Uo, U1, B, f, fi (1 =1,---,p) are given functions, 1, - - - , €, are small parameters
1

1

and ||u(t)|® = / u? (x,t) de, |ug(t)|]° = / u? (z,t)dz. First, a declaration of the
0 0

existence and uniqueness of solutions provided by the linearly approrimate technique

and the Faedo-Galerkin method is presented. Then, by using Taylor’s expansion for
the functions B, f, f;, i = 1,--- ,p, up to (N + 1) order, we establish a high-order
asymptotic expansion of solutions in the small parameters €1, - - ,€,.

Keywords: Kirchhoff-Carrier-Love equation, Faedo-Galerkin method; Linear recur-
rent sequence; Asymptotic expansion.

1 Introduction
In this paper, we consider the following Dirichlet problem for a Kirchhoff-Carrier-Love equation

e = B (a1 1o (®)I) (oo + Ntaore) = Fe (@, 8,1, U, ur, )
for0<z<1,0<t<T, (1.1)

w(0,1) = u(1,t) = 0, (1.2)
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u(z,0) = to(x), uz,0) =a(x), (1.3)

where g, Uy, B, f, f; (i=1,---,p) are given functions and

p
Fg(xatvuaux7ut7uﬂft> - f(x7t7u7ux7ut7uﬂft> + Zgifi<'r7t7u7uw7ut7uwt)7
=1
€= (e1,---,&p) € R” and

()| = / @2 (2, 1) de,
o (8)]2 = / 2 (2. 1) d.

In view of its structure, Eq. (1.1) is a very complex model. Apparently, such model equation
does not exist in the first place, so we will introduce its development and evolution to show
its background by listing several related model equations. We shall show the following model
equations not only to illustrate the corresponding physical background, but also to describe
the mathematical achievements. When Q2 = (0,L), B=1, f=fi=---=f, =0, Eq. (1.1) is
become a Love-type equation as follow

E
Ut — —Ugy — 2u2k2umtt =0. (14)
P

Eq. (1.4) was first introduced by V. Radochové [25] to describe the vertical oscillations of
a rod, and established from Euler’s variational equation of an energy function

T L
1 1
/ dt/ [EF/) (uf + k) = S F (Bug + prk g | dr, (1.5)
0 0

where u is the displacement, L is the length of the rod, F' is the area of cross-section, k is the
cross-section radius, F is the Young modulus of the material and p is the mass density. By
using the Fourier method, the author obtained a classical solution of Eq. (1.4) associated with
the initial conditions (1.3) and the boundary conditions as follow

u(0,t) = u(L,t) =0, (1.6a)

or

U(O,t) = 0,
{ Mgyt (L, 1) + Pug (L, t) = 0, (1.6b)

E
where ¢* = —, X\ = 2u%k%. Further, the asymptotic behaviour of solutions for Prob (1.3), (1.4),
0

(1.6a) (or (1.6b)) as A — 04 was also established by the method of small parameters. Before
that time, there have been numerous published works of Love-type equations, we refer to some
of them as in [3], [7], [17] and references therein.

On the other hand, Love-type equations can be considered as a symmetric version of the
regularized long wave equation (a symmetric version of the regularized long wave equation)

(SRLW), see [26], was modelled by

Ugzt — Ut = Pr + Uy,
1.7
{ Pt + Uy = 07 ( )
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and describing weakly nonlinear ion acoustic and space - charge waves. Eliminating p from
(1.7), a class of SRLWE is obtained as follows

Ut — Ugy — Uggit = —UUgt — Uz Uy (18)

Eq (1.8) is explicitly symmetric in the z and t derivatives, and very similar to the regularized
long wave equation that describes shallow water waves and plasma drift waves [1] and [2]. The
SRLW equations were also arised in a lot of other areas of mathematical physics, see [4], [16]
and [23]. It is clear that Eq (1.8) is a special form of Eq. (1.1) in the case f; = 0 for all
i=1,--- pand f(x, t,u, Uy, U, Uyy) = —Ulgy — Uy Uy

A class of well-known equations involved in Eq (1.1) are equations of Kirchhoff type. Indeed,
when Q = (0,L), A\ =0, B=B (Hux(t)HQ) and Fr = 0, Eq (1.1) is related to the following
equation

Eh [F

0
phuy = <P0+— .

a_y(ya t)

2

oL |, dy) Uz, (1.9)
introduced by Kirchhoff [8], where w is the lateral deflection, L is the length of the string, h is the
area of the cross- section, F is the Young modulus of the material, p is the mass density, and F,
is the initial tension. This equation is an extension of the classical D’Alembert’s wave equation
by considering the effects of the changes in the length of the string during the vibrations. After
its appearance, a lot of of attention is devoted to studying Kirchhoff-type equations. One of early
classical studies dedicated to Kirchhoff-type equations was given by Pohozaev [24], and later
by Lions [11]. After that, Eq (1.9) has been received a lot of interest in which more abstract
models have been proposed, we refer the reader to Cavalcanti et al. [5] and [6], Larkin [9],
Medeiros [18]. In addition, the results of mathematical aspects for Kirchhoff model can be
found in Medeiros et. al. [19], [20], and the references therein.

In the light of the results mentioned above, the main purpose of this paper is devoted to
constructing a high-order asymptotic expansion of solutions in the small parameters €1, -- , ¢,
for Prob.(1.1)-(1.3). Meanwhile, in the case f € C1([0,1] xRy xR*), B € C*(R?%), the existence
and uniqueness of solutions for the problem provided by the linear approximation and the Faedo-
Galerkin method are declared by adopting the similar techniques used in [13], [22], [27] and [28].
The paper is organized as follows. In Section 2, some preliminaries are presented. In Section 3,
we state the existence and uniqueness theorem of solutions for Prob. (1.1) - (1.3). Finally, in
Section 4, we establish a high-order asymptotic expansion of the weak solution u = u(eq,--- ,¢,)
in the small parameters ey, - - - , €, for Prob. (1.1) - (1.3) with the requirements B € CV**(R?),
B(y,z) > b, > 0, for all (y,2) € R2, f € CVT([0,1] x Ry x RY), f; € CN([0,1] x Ry x RY),
(1t =1,--+,p). These results can be considered a relative generalization of that given in [12]-
[15], [22] and [27].

2 Preliminaries

Put Q = (0, 1), we use the well-known function spaces denoted by LP = LP(Q2), H™ = H™ ().
Let (-,-) be either the scalar product in L? or the dual pairing of a continuous linear functional
and an element of a function space. The notations ||-|| and ||| respectively stand for the
norm in L? and the norm in the Banach space X. We call X’ the dual space of X. We denote
LP(0,T;X), 1 < p < oo to be Banach space including real functions w : (0,7) — X measurable,
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such that [[ul| . r.x) < +00, where

T 1/p
([ mongar) " o 1<p<,
HUHLP(O’T;X) = 0
€ss Sup||u<t>||X7 fOl" p = Q.
o<t<T

On H', we shall use the following norm

ol = (ol + floa]?) 7. (21)
We have the following lemma, whose proof is very simple so we omit the details.
Lemma 2.1. The imbedding H* — C°(QQ) is compact and
[v]lco@) < V20|l for allv e H. (2.2)
Remark 2.2. On Hg, v+ ||v||;n and v — ||v.|| are equivalent norms. Furthermore,
1]l oy < llvall for all v e Hy. (2.3)

Let U(t)é u'(t) = gé(t) = u(ta), u’(t) 282Utt(t) = (1), ug(t) = vu(t), ug.(t) = Au(t) denote
by u(z,t), a?(x t), a—tg(x,t), 6u( t), e Z(m t), respectively.

With f € CV([0,1] x Ry x RY), f = f(x,t,u,v,w,z), we put Dy f = g, Dyf = g—{,
x
0 0 0 0
D=2 =% Dsf—aj; DGf—aﬁ wd DR = D DR = (o o)

S ZG ’Oé’ o+ - —|— Qg = N D f f
Similarly, with B € CN(R2), B = B(y, z), we put D1B =

D’lez/BQBy B= (b, B2) €Z%, |8l =P+ B=N; DOOB = B,
Moreover, here Prob. (1.1)-(1.3) will be denoted by (P:), where &= (g1,--- ,¢,) and (P)
respect with &= (e1,---,¢,) = (0,---,0).

0B DyB = a—B and D°B =
8y 0z

3 Main results

3.1 The existence and uniqueness theorem

In order to establish the existence and uniqueness theorem, we make the following assumptions:
(Hl) INL(), U € H& N Hz;

(Hy) B e CYR%) and 3 b, > 0 such that B(y,z) > by, ¥(y, 2) € R%;
(H3) feCHQ xRy xRY
and f(0,¢,0,v,0,2) = f(1,¢,0,v,0,2) = 0,V(¢,v,2) € R, x R
The weak solution of Prob (1.1)-(1.3) is a function u € Wy, Wy = {v € L® (0,T; H: N H?) :
v, v" € L (0,T; Hf N H?)}, such that u satisfies the follwing linear variational problem

(" (t), w) + Blul () {us (t) + wy (1), we) = (flu](t), w) (3.1)
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for all w € H}, a.e., t € (0,T), together with initial conditions
U,(O) == ’ao, U/(O) == ﬂl,
in which

Blu)(t) = B (Jlu(®)[*, llu.()]*) .
flul(z,t) = f (2, t,u(z, t), up(z,t),u'(z,t),ul (z,1)).

Consider T* > 0 fixed, for all T' € (0,T*], we put
Wr = {ve L>®0,T; H N H?) : v, € L™(0,T; Hy N H?), vy € L=(0,T; Hy)}
is a Banach space with respect to the norm (see Lions [10])
||U||WT = maX{HUHLw(o,T;Hgmm) J ||U/HL<><>(0,T;H3mH2) g HU"“Lw(o,T;Hg)}-
For all M > 0, we put
Wi(M,T) = {v e Wr: |vlly, <M and v" € L=(0,T; H; N H?)}.

Then we have the following theorem.

(3.6)

Theorem 3.1. Let (Hy) — (H3) hold. Then, there exist positive constants M and T such that

the problem (Py) has a unique weak solution ug € Wy (M, T).

Proof. The proof of Theorem 3.1 is based on the Faedo-Galerkin approximation method (see

Lions [10]) together with some similar estimates in [27] and [28].

3.2 Asymptotic expansion of solutions in small parameters

O

In this section, we suppose that the assumptions (H;) — (H3) are hold. Then, in order to
establish an asymptotic expansion of solutions in small parameters for Prob. (1.1)-(1.3), we

need an additional assumption as follow
(Hy) fi € CH]0,1] x Ry x RY), and f;(0,¢,0,v,0,2) = f;(1,¢,0,v,0,2) = 0,

V(t,v,2) ERy xR% (i=1,---,p).
Consider T > 0 fixed and let M > 0, we put

f{M(B) = HBHcl([o,M2]X[o,M2])7 Ku(f) = ||f||C’1(AM)a

where Ay = {(x,t,u,v,w,2) € [0,1] x [0, T*] x R*: |u], |v], |w|, |z| < M}.

We consider the problem (P:) depending on p small parameters 1, - -, ,, with |g;| < 1,

i=1,,p:
w(0,t) = u(l,t) =0,
u(x,0) = tg(x), u(x,0) = uy(z),

Au = Ugz + Uzt

\ =1

110

uy — B(||[ul]?, |uel®)Au = Fe(z, b, u, ty, ug, tgy), 0 <2 < 1,0 <t < T,

p
Fe(x,t, u, g, ug, Ugy) = [, 8, U, Ugy Ugy Ugy) + Zsifi(x, by Uy Uy Ug, Ugy ).
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Under the assumptions (H;) — (Hy) and by the results of Theorem 3.1, the problem (P:)
has a unique weak solution u depending on & = (e, - ,¢&p), namely uz = u (e, -+ ,&p).
Furthermore, by the fact that |¢;| < 1,7 =1,---, p, then the solution uz satisfies

us € Wi (M, T), for all &, ||&]| <1,

where positive constants M, T independent on & = (ey,---,&,) are similarly chosen as in
Theorem 3.1.
Next, we shall study asymptotic expansion of the solution of (Pz) with respect to the small
parameters €1, - -, &p.
We use the following notations. For a multi-index a = (ay, -+ ,q,) € Z%, and =
(€1, ,&p) € RP we put
lal =a1+ -+ ap, al =aq!--lay!,
€l = /et + -+, & =€l g, (3.7)
o, BELE, a<f= ;<[ Vi=1,--,p.

Then, we have the following lemma.

Lemma 3.2. Let m, N € N andu, € R, a € ZE, 1 < |a| < N. Then

m

Yo we | = > Tl (3.8)

1<[al<N m<a|<mN

where the coefficients Tjs,m) (U)o, m < |a| < mN depending on v = (u,), a« € Z5, 1 < |a| < N
defined by the recurrence formulas

T](Vl)[u]a = Uy, 1 <|a] <N,
T](Vm)[u]a = Z ua—,BT](\[m_l)[u]ﬁ, m < la| <mN, m > 2,
BeAS™ (N)
AN ={BeZ :B<a, 1<|a—B <N, m—1<|8] < (m—1)N}.

The proof of Lemma 3.2 can be found in [15].

Now, we assume that
<H5) B e ON—H(Ri)v

B(y,z) > b, >0, for all (y,2z) eR%, (i =1,---,p),
(Hyg) feONTH[0,1] x Ry x RY), f; € CN([0,1] x Ry x R?),
and f(0,¢,0,v,0,2) = f(1,t,0,v,0,2) = f;(0,¢,0,v,0,2) = f;(1,¢,0,0v,0,2) =0,
for all (t,v,2) e Ry xR? (i=1,---, p).
Note that wug is a unique weak solution of (F) (as in Theorem 3.1) defined by

uy — Blug]Aug = flug), 0 <z <1,0<t <T,
UO(Oat) = UO(lat) =0,

up(z,0) = ug(x), uy(x,0) = uy(x),

Uy € W1<M,T)

(Fo)
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Considering the sequence of weak solutions u,, v € Z, 1 < |v| < N, of the following
problems
u) — BluglAu, = F,, 0 <z <1,0<t<T,

u,(0,t) = u,(1,t) =0,
uy(z,0) =u,(x,0) =0,
Uy € Wl(M, T),

(7))

where F,,, v € Z, 1 < |v| < N, are defined by the recurrence formulas

f[u()] Ef(I,t,Uo,VU07U6,VU6), |V| 207
p
Bo=3 nl+ 0+ Y palBlAu,, 1< <N, (3.10)
i=1 1</al<N,
[p—al<N

and p,[B] = p,[B;0™,0®), m,[f] = m[f; {usbh<), m[f] = m[fi {us }rl, ] < N, are
defined as follow.
A/ The fomula p,[B] = p,[B, oW, c®)]:

po[B] = p,[B, o), o] (3.11)
B[u0]7 ‘I/‘ — O,
1
=¢ 2 DBl Y TR e 1S SN,
i<yl m <|al<27 N,

Yo<|v—a|<2v2 N

where o) = (aé})> ,o® = <a&2)> ,a €Z5,1<|a| <2N, are defined by

( 2<u07ua>7 ’05’: )
2(ug, o) + Y _(ug,uag), 2<|al <N,
o) = Ba (3.12)
Z(uﬁ,ua_ﬂ>, N+1 < |a| < 2N,
B<a
[ 2(Vug, V), la| =1,
2(Vuo, Vo) + Y (Vug, Via_g), 2<|a| <N,
5@ —
« BLa
Z(VUQ,VUQ_@, N+1< |O./| < 2N,
\ BLa

B/ The fomula 7,[f] = m,[f; {u) }y<u]:

r f[u()]a ‘Ul:O,
1
> —D"fluo] > TN"[ua
= |
Wu[f] - 1<im|<|y| m. (a,B,7,0)€A(m,N) (3.13)
m:(ml )t 7m4)€Zi OC+B+’Y+(S:V
XT](VM2)[VU]BT](Vm3)[u/]'yT](VmO[vu/]é’ 1< ‘V‘ <N
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where m = (mq, -+ ,my) € Z, |m| = my+- - +my, m! = my!--lmy!, D™ f = D" D" D™ D™ f,
A(m,N) = {(a,B,7,6) € (Z%)" : my < |a] < miN, my < |B] < maN, m3 < |7 < msN,
my < 0] <myNY,

7T1(/Z) [f} = T, (i-) [.ﬂ = Ty, i1 i =101, [f] 1= 17 R 2
(3

Wu)[f} = Ty e 1= Lt o Lf ) = 0, 1f v; =0, (3.14)

v= (v, - ,Vp) ez, v (’ ) = (v, Vst Vi — L Vg, o+ ).
Then, we have the following lemma.

Lemma 3.3. Let p,[B] = p,[B,cM, 0@, 7,[f], |[v| < N, be the functions defined by the
formulas (3.11) and (3.13). Put h = Z u,€7, then we have

lvI<N
(i) Bl = 3 po[Ble” + [l By (B, 4], (3.15)
V<N
(id) flh) = D mlfe + 1 RY (1.2, (3.16)
lv|<N
with HR(I) é]HL o) + HRN E_]HL 012 < C, where C is a constant depending only on

N, T, f, B, uy, IVISN

Proof. (i) In the case of N = 1, the proof of (3.15) is easy, hence we omit the details. We only
prove it with N > 2. Put h = ug + Z UaEY = ug + hy, we rewrite B[h] as below

1<|a|<N
Blh] = B(|lug + ha||* . [ Vo + Vh||*) = B(|luo||” + &, | Vuo|* + &), (3.17)
where & = |Jug + ha | — |Juol®, & = |Vuo + Vhe|* — || Vo>

By using Taylor’s expansion of the function B(|luo|® + &1, ||Vuo|® + &) around the point
(|uol|?, || Vo||”) up to order N + 1, we obtain

B[h] = B(|Juo|* + &1, | Vuol* + &) (3.18)
1
= B(lluol*, IVuol*) + Y =D Buoll®, [ Vuol*)&* 3> + R [B, uo, &1, &
1<|y|<N
= Bluo] + Z _DVB[ 0l61°63° + Rn[B, uo, &1, &,

1<|y|<N

where

N+1 [!
Ry[B,ug,&1,6] = ) T/ (1= O)NDB([lugl® + 01, [ Vuol|* + 06)& 320 (3.19)
=N+ 70

= [1E1™*" RY (B, w0, &1, &),
On the other hand, we have

& = lug + hl* = lluol® = 2(ug, ha) + [P = > ol (3.20)
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with o, 1 < |a| < 2N are defined by (3.12);.
By the formula (3.8), it follows from (3.20) that

At

=l Y Ve = Y TR, (3.21)

1<]al<2N N <lal<2mN

where o(1) = (0((11)), aeZf,1<|al <2N.
Similarly, we have

Y2

=l Y @) = Y 1R, (3.22)

1<]al<2N Y2 <l <292 N

where 0@ = (¢{?), a € ZE . 1 < |a] < 2N, is defined by (3.12),.
Therefore, it follows from (3.21) and (3.22) that

ger= Y Yo TR eM T2 0] | & (3.23)
VSIVIS2AYIN | 41 <|a<271 N,
Vo< |v—a|<2v2 N

= Z (I)V[Na 0'(1),0'(2),’)/1,’)/2,&]5/ -

[vI<|v[<2[v|N
Z ¢V|:N7 0(1)70(2)7717727a]€_u+ Z q)V[Na 0-(1)70-(2)771772704]6_[/
[vI<lv|<N N+1<|v|<2|N
= 3 @ N.0D,0® 51,7, 0) + 1AV R[N, 0D, 0, 71,92, 0, 8]
[VISIvISN
where
O, [N, 0,0 3, 90,0 = > T oML T [0,
mn<la|<27 N,
N2 <|v—a] <272 N (3.24)
||§‘||N+1 RN[Na 0-(1)70-(2)7’7177270575] - Z (I)IJ[N7 0(1)70-(2)7’)/1772704]8—”

N+1<W|<2|y|N

Hence, we deduce from (3.18), (3.23) and (3.24) that

Bl =" p[B,cW, o] + |8V RY (B, uo, o, 0@, €1, &), (3.25)

WI<N

where p,[B] = p,[B; oW, 0@], v € ZE, |v| < N, is defined by (3.11) and
1
R( )[B Ug, O 7 51752] - Z _‘D’YB[UO]RN[]\C 0-(1)70-(2)7/7177270575]
1<h|sN

+RY (B, up, &1, &). (3.26)
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By the boundedness of the functions u., v/, |y| < N in the function space L>(0, T} HiNH?),
we obtain from (3.19), (3.24) and (3.26) that

HEE@ [B,ug, oM, 0@ & &) o) < O, where C' is a constant only depending on N, T, B,

[ty || oo o 22y » VUl oo 712y » [7] < N. Hence, the formula (i) of Lemma 3.4 is proved.
(ii) We only prove (3.16) with N > 2. By using Taylor’s expansion of the function f[ug+ hy]
around the point ug up to order N + 1, we obtain from (3.8) that

b D b (TR () (VR 4 B )

2<|m|<N
m=(m1,-- ,ma)€L

= fluo] + D3 f[uo)hy + Dyfluo]Vhy + Ds fluolh’ + Dg fuo] V)
-+ Z %Dmf[uo] Z ®,[m, N, f,u, Vu,u', V')

2<|m|<N Im|<|v|<N
mEZi
1 m T / n=v
+ Z mD fluo] Z o, [m, N, f,u, Vu,u', Vu'|le"+
2<|m|<N N+1<|v|<|m|N
meZi
Rg) [fa hl]a
where
RY[f ] =
N+1 [t - , "
= 0 D g O (VR ()" (V)™ .
Im|=N-+1 U0
m=(mq, - ,m4)EZi
®,[m, N, f,u, Vu,u', Vi (3.28)
=Y TV T VT W T Vs, m] < ] < [m| N
(a,B,7,6)€A(m,N)
a+B+y+o=v
Note that
fluo] + Ds fluglhy + Dy f[uo|Vhy + Ds flug|h} + D fuo) VR (3.29)
1 .
D, D" flw] Y @m N, fou, V!, Ve
2<|m|<N Iml<v|<N
meZi
= Z ﬂ-V[f]g_Uv
[v|I<N
where m,[f], 1 < |v| < N is defined by (3.13).
Similarly,
1 -
Z — D™ fluo] Z O, [m, N, f,u, Vu, o', V'|& + RV[f, h]
2<|m|<N me N+1<y|<|m|N

1
meZy

= g1"* RY[£. 4, (3.30)
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with HRQU,QH o122 < C, C is a constant only depending on N, T, f, u,, |y| < N. Then
L>(0,T;L
(3.16) hold. Lemma 3.3 is proved. O

Remark 3.4. Lemma 3.4 is a generalization of a formula given in [13] (p.262, formula (4.38))
and it is useful to obtain Lemma 3.5 below. Lemmas 3.4 and 3.5 are the keys to establish
the (N + 1)"-order asymptotic expansion of the weak solution u = u(ey,--- ,&,) in the small
parameters €y, - -, p, which will be presented below.

Let uz = u(ey, -+ ,&p) € Wi(M,T) be a unique weak solution of the problem (Pz). Then

V= Uz — Z u,€" = ugz — h satisfies the problem

lvI<N
(v — Blv+ h]Av = Fv + h] — F[h] + (B[v + h] — B[h]) Ah

+Ex(x,t),0<2x<1,0<t<T,

v(0,t) =v(1,t) =0,

v(z,0) ='(z,0) =0,

Av = Av + Av”, (3.31)

Blv] = B(|lv]*, [[val),

p p
Fev] = f[v] + Zaifi[v] = f(z,t,v,v,,0",0)) + Z&?ifi(:v,t,v,vw,v/,v;),
i=1 i=1

where
P
Ex(x,t) = f[h] = fluo] + Y _eifi[h] + (B[h] — Blug)) Ah — Y F,&". (3.32)
i=1 1<|v|<N
Then, we have the following lemma

Lemma 3.5. Let (H,), (Hs) and (Hg) hold. Then there exists a constant C, such that
HEEHLOO(O,T;LQ) < é* ngNH ) (3-33)

where C, is a constant depending only on N, T, f, f;, B, u,, |y] < N, 1 <i<p.

Proof. In the case of N = 1, the proof of Lemma 3.5 is easy, hence we omit the details. We
only consider the case N > 2.
By using the formulas (3.15) and (3.16) for the functions B[h] and f;[h], we obtain

Blh = Y p[Ble +laN RYL (B, 4,

V|<N-1

» . . (3.34)
filh = > mlfle + 8RG8 1<i<p.
lV|<N-1
By (3.14) and (3.34)9, we rewrite ; f;[h], 1 <1i < p, as follows
eifilh] = Z m[file€” + & ||5||NR§\1,)_1[fZ,ﬂ (3.35)

W] <N -1

~(1
= Z T o, Vi1, Vi— 1 Vi1, ,p [fl]gu + & ||g||NR§V)—1[fZ7g]

1<[p|<N, vi>1

= Y Ol el BE[f 4,

1<[y|<N
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we deduce from (3.16) and (3.35) that

— fluo] + Z eifi[h] (3.36)
- > [mm +> 7O &+ RO fr o S,
1<|v|<N i=1

where Rg\l,)[f, fiooe [ dl = R f,él + Z T 7N 1[fi, €] is bounded in L*°(0,T; L?) by a

constant only depending on N, T, f, fi, uy, |7| <N, 1<i<p.
On the other hand, we deduce from (3.15) that

(B[R] — Blug)) Ah (3.37)
= > > (palBD) Au, & + 1|21V RY(B, 2,
1<|v[<2N 1<]al<N,
[v—a|<N
where
RV[B, & = R)[B, & Ah. (3.38)

We decompose the sum Z into the addition of two sums Z and Z . Hence,
1<|v|<2N 1<|v|<N N+1<|v|<2N
we rewritte (3.36) as below

(Bl ~ Blu) A= 3" S (alB) Auy o2 + [V ED (B, (3.30)

1<|y|<N 1<|al<N,
lv—a|<N

where

| RP B, &) = |11 RY (B, 4] (3.40)

+ Z Z 1) Auy,_oE".

N+1<[y|<2N 1<|a|<N,
[v—al<N

Combining (3.10), (3.11), (3.13), (3.32), (3.36) and (3.39), then we obtain
Be= ™ [RY1 oo fyd) + R (B,] (3.41)
By the functions u, € Wi(M,T), |v| < N, we obtain from (3.36) and (3.40) that

N+1
1 Eell poe o722y = l1€117

RO i fpdl + BB, <IN, (3.42)

Lo (0,T5L2)

where C, is a constant depending only on N, T, f, fi, B, u,, |7| < N, 1 <i < p. The proof of
Lemma 3.5 is complete. O
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Now, we consider the sequence of functions {v,,} defined by

Vo = 07

v — Blom-1 + hlAv,, = Fz{vpm—1 + h] — FE[h] + (Blvm-1 + h] — Blh]) Ah
+Ex(x,t),0<z<1,0<t<T, (3.43)

Um(0,t) = v, (1,8) =0,

U (2,0) = v (2,0) =0, m > 1.

With m = 1, we have the problem

v] — B[h|Avy = E=(z,t), 0 <z < 1,0 <t <T,
v1(0,1) = vy(1,t) =0, (3.44)
v1(z,0) = vi(z,0) = 0.

By multiplying two sides of (3.44) by v}, we verify without difficulty from (3.33) that
@I+ Ba(e) (o @) + et 1) (3.45)
- / () (Jono)IP + 10 (5) ) ds -+ 2 / (Be(s), ()
<1218 + [ fe)Fds+ [ 18] (I + 1 G)IF) ds

where By(t) = B[h](t) = B(||h(t)|]*,|[VA(1)|]*).
By
Bi(t) = 2Dy B[h)(h(t), B'(t)) + 2D, B[R] (Vh(t), VI (), (3.46)

we have

|By(t)| < AM?Ky,.(B) = ¢, for all |7 < 1, (3.47)
with M, = Ny M, and Ny = card{y € Z%_ : |y| < N}. It follows from (3.45), (3.47) that

I + b (oI + L. O]7) (3.48)

<7 A+ @+ 6) [ (o)l + et ds
0

By Gronwall’s lemma, we obtain from (3.48) that

/ 1 ~
o (8) 1 + [Jo1, ()| < b—TCf IEPY 2 exp [(1+ G) T). (3.49)
Hence
2 v [
loallexoay < Z=VTC 11" exp {5 (1+ @)T] . (3.50)

We shall prove that there exists a constant C'r independent of m and &,such that
Jomllorgosng < Cr IS, with 2] <1, for all m. (351)

118



Thu Dau Mot University Journal of Science - Volume 5 - Special Issue - 2023

By multiplying two sides of (3.43) with v/, and after integrating in ¢, we obtain from (3.33)
that

DI + Brn(®) (lome O + 100(8)]) (3.52)
< 2G4 [P ds + [ Bo) (lemalo) + ) s
2 [ (P ] = Bl ) ()
2 [ (Blons-+ 1) BIA) (Ah(s).f 51
= 1C2EP + [ s + 5+ T

with By, (t) = Blvm—1 + h](t) = B(||vm-1(t) + h®)||*), || VUm_1(t) + VA®)|?).
We now estimate the integrals on the right — hand side of (3.52) as follows.
Estimating J;. We have

B, (t) = 2D1B[vy—1 + Bl () (0m-1 + h, vy + 1) (3.53)
+ 2Dy Blvy—1 + h](t){Vvm_1 + Vh, Vv, | + VA,

hence B o B
|B,(t)| <4M?Ky. (B) = ¢, forall £ ||| <1, (3.54)

with M, = (1 4+ Ny)M.
It follows from (3.54), that

Ti= [ Bls) (Ieme o+ 1) s <G [ (Iomel + )P s 359

Estimating J». Note that | flvm—1+ h] — f[h]]] < 2K, (f) ||Um—1||cl([o,T};H5) )
[ filvm—1 + k] = falA]ll < 2Kz, (fi) [|vm-1ll o o,7y,m3) » hence, we have

”Fg[vm—l + h] - Fe_’[h]” S 62 ||Um_1HC’1([O,T];Hé) s (356)

p
where (o = G(M, f, fi,-- , f,) = 2K (f) + QZKM*(fi)- Therefore, we deduce from (3.56)
i=1

that
R t
To=2 [ 1Ffomr -+ ] = bl ()] ds
0
t
<TG ol + [ (o)l ds. (3.57)
0

Estimating J. First, we need an estimation of | Blv,,_1 + h] — B[R]
From the inequality

| Blom-1 + h] = Blh)| < AM. K1, (B) [vm-1lles o,y -
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it follows that
| Blom—1 + h] = B[h]| < AM. Ky, (B) [vm-1ller o) -

We remark that

AR < Y Aua(@ 1< Y NAual(s)] < 2NM = 2M..

1<|al<N 1<|a|<N

Hence, we deduce from (3.58) and (3.59) that
t
7y =2 / (Blom_1 + h] — B[R] (Ah(s), . (s))ds
0
t
< TG NomslEsgony + | (I ds,

in which (s = (M, B) = SM,M,K ;. (B).
Combining (3.52), (3.55), (3.57) and (3.60), then we obtain

et 1 + Ban(®) (llomeI + [0, (1))
<TC2 B+ T (G + G) lom1 I oy +
3+0) [ (leme)* + I ) ds.
By using Gronwall’s lemma, we deduce from (3.61) that
||Um||cl([o,T];H3) <or ||Um—1||cl([07T];Hé) + 9, for all m > 1,

. — 7 T 1 _
with o7 = nr/G + G, 6 = neCe|lE1Y i = p. P <2b T(3+C1)> .

Assuming that

or < 1, with a suitable constant 7" > 0.

We can easily prove the following lemma.

Lemma 3.6. Let the sequence {z,} satisfy
Zm < 0Zm_1+ 0 forallm > 1, zy =0,
where 0 < o <1, d > 0 are given constants. Then

2m < 0/(1—=0) for allm>1.0

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

Applying Lemma 3.5 to (3.62) in the case z,, = vancl([o,T];Hé) ,o=o0r=nr\/G+ G <1,

5 = nrC, |8\, it follows from (3.65) that
”UmHa([o,T];Hg) <6/(1—o0r)=Cr H5]|N+1 ;

nr C’*

1-neV/G+G

where Cp =

120
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On the other hand, by using the linear approximation method in [27], the linear recurrent
sequence {v,,} defined by (3.43) converges strongly in the space C''([0,T]; Hy) to the solution
v of Prob (3.31). Hence, as m — 400 in (3.66), we get that ||U||Cl([0,T];H3) < Cr||g)"*" . This
implies that

uz— Y uyd’ < Cp gVt (3.67)

=N C([0,T];HY)

Finally, we summarize the obtained results in the following theorem.

Theorem 3.7. Let (H,y), (Hs) and (Hg) hold. Then there exist constants M > 0 and T > 0
such that, for all €, with ||€]| < 1, the problem (P=) has a unique weak solution uz € Wi(M,T)
satisfying an asymptotic estimation up to order N + 1 as in (3.67), where the functions u,,

lv| < N are the weak solutions of (P,), |v| < N, respectively O

Remark 3.8. Typical examples about asymptotic expansion of solutions in a small parameter
can be found in some works, see [12]- [14], [21]. In the case of many small parameters, there
are only few results, for example, see [15] and [22] respectively to the asymptotic expansion of
solutions in two and three small parameters.

Acknowledgment. The authors wish to express their sincere thanks to the editor and the
referees for the valuable comments and important remarks for the improvement of the paper.
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