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Abstract 

We consider a boundary value problem involving a fractional 

differential equation with a g-Caputo fractional derivative. This paper 

establishes some new criteria for the existence of solutions to the 

problem, differing from those obtained by previous researchers. The 

method is based on the construction of a novel Green’s function and 

the application of the Schauder fixed point theorem. Examples are 

provided to illustrate the fundamental distinctions between our results 

and earlier work. 
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1. Introduction 

Lyapunov (1907) proved that if 𝑦(𝑡) is a nontrivial solution of the boundary value 

problem 

{
y"(t) + r(t)y(t)  = 0, a < t < b,

𝑦(𝑎) = 𝑦(𝑏) = 0,
     (1.1) 

then 

∫|𝑟(𝑡)|𝑑𝑡 >  
4

𝑏 − 𝑎

𝑏

𝑎

 , 𝑟 ∈ 𝐶([ 𝑎, 𝑏], ℝ).               (1.2) 

Inequality (1.2) is called the Lyapunov inequality for problem (1.1) and is used to show 

that problem (1.1) has no nontrivial solution. 

With the development of fractional derivatives, many researchers have generalized 

problem (1.1) by replacing the second order derivative with fractional derivatives such as 

the Caputo derivative, Hilfer derivative, and other types of fractional derivatives, or by 

modifying the boundary conditions. These generalizations have led to various results, 

such as those by Ferreira (2013), Ferreira (2014), Dien (2021), and others. 

One of the generalizations of problem (1.1) is: 
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{
 𝐷𝑎+

𝐶 𝛼,𝑔 ( 𝐷𝑎+
𝐶 𝛽,𝑔𝑦(𝑡)) + 𝑓(𝑡, 𝑦(𝑡)) = 0, 𝑎 < 𝑡 < 𝑏, 0 < 𝛼, 𝛽 ≤ 1 <  𝛼 + 𝛽,

𝑦(𝑎) = 0, 𝑦(𝑏) = 𝔥(𝑢),
  (1.3) 

where 𝑔 ∈  𝐶+
1[𝑎, 𝑏], 𝑓 ∈ 𝐶([𝑎, 𝑏] × ℝ, ℝ), and 𝐷𝑎+

𝐶 𝛼,𝑔(. ) denotes the 𝑔-Caputo fractional 

derivative of order 𝛼 ∈ (0,1). Dien (2021) showed that if there exists 𝑀 > 0 such that 

𝑀 >  
𝜓(𝑀)𝐺max

(1 − 𝜅)Γ(𝛼 + 𝛽)
‖𝑔′(. )𝜅1(. )‖𝐿1(𝑎,𝑏),  

then problem (1.3) has at least one solution.  

In this paper, we also study the existence of solutions to problem (1.3), but we provide a 

different result from that of Dien (2021). Specifically, in Theorem 3.3, we show that 

problem (1.3) has at least one solution if there exists 𝑀 > 0 such that 

𝑀 >  
𝜓(𝑀)

(1 − 𝜅)Γ(𝛼 + 𝛽)
‖(𝑔(𝑏) − 𝑔(. ))

𝛼+𝛽−1
𝑔′(. )𝜅1(. )‖

𝐿1(𝑎,𝑏)
. 

This result is entirely different from the one previously obtained by Dien (2021), and this 

difference is illustrated more clearly in Examples 3.7 and 3.8. 

In Proposition 3.1, we construct a Green’s function that differs from those introduced by 

previous authors, such as Dien (2021). As a result, some properties of the Green’s function 

also differ (see Propositions 3.2 and 3.3), which is the main reason why our existence 

condition in Theorem 3.4 deviates from earlier results. 

 

2. Preliminaries 

In this section, we recall some basic definitions. For convenience in writing, we denote 

𝐶+
1[𝑎, 𝑏] = {𝑔 ∈  𝐶1[𝑎, 𝑏]: 𝑔′(𝑡) > 0, ∀ 𝑡 ∈ [𝑎, 𝑏]} 

Definition 2.1 (Podlubny, 1999). Let 𝜙 ∈ 𝐶𝑛[𝑎, 𝑏], 𝑛 ∈ 𝑁+, and α ∈ (n-1, n), then the 

Caputo fractional derivative of order α is the expression  

𝐷𝑎
𝐶 𝛼𝜙(𝑡) =

1

𝛤(𝑛 − 𝛼)
∫(𝑡 − 𝑠)𝑛−𝛼−1𝜙(𝑛)(𝑠)d𝑠,

𝑡

𝑎

 

where Γ(.) is the Gamma function. 

Definition 2.2 (Osler, 1970). Let α >0, 𝑔 ∈ 𝐶+
1[𝑎, 𝑏], and 𝜙 ∈ 𝐶1[𝑎, 𝑏]. The fractional 

integral of a function 𝜙 with respect to the function 𝑔 is defined by  

 

𝐼𝑎+
𝛼,𝑔

𝜙(𝑡) =
1

𝛤(𝛼)
∫[𝑔(𝑡) − 𝑔(𝑠)]𝛼−1𝑔′(𝑠)𝜙(𝑠)d𝑠.

𝑡

𝑎

 

Definition 2.3 (Almeida, 2017). Let α >0, 𝑛 ∈ 𝑁+;  𝑔, 𝜙 ∈ 𝐶𝑛[𝑎, 𝑏] two functions such 

that 𝑔’(t)>0, ∀ t∈ [a, b]. The 𝑔-Caputo fractional derivative of 𝜙 of order α is given by  

          𝐷𝑎+
𝐶 𝛼,𝑔𝜙(𝑡) =  

1

𝛤(𝑛 − 𝛼)
∫[𝑔(𝑡) − 𝑔(𝑠)]𝑛−𝛼−1𝑔′(𝑠) (

1

𝑔′(𝑠)

𝑑

𝑑𝑠
)

𝑛

𝜙(𝑠)d𝑠.

𝑡

𝑎

 

http://www.tdmujournal.vn/


Thu Dau Mot University Journal of Science  ISSN (print): 1859-4433; (online): 2615-9635 

www.tdmujournal.vn   Page 321 

For 𝑔(𝑡) = 𝑡, ∀𝑡 ∈ [𝑎, 𝑏], the 𝑔-Caputo fractional derivative 𝐷𝑎+
𝐶 𝛼,𝑔(. ) is becomes the 

Caputo fractional derivative 𝐷𝑎
𝐶 𝛼(. ). 

Lemma 2.4 (Almeida, 2017). Let 𝑛 ∈ 𝑁+, 𝑛 − 1 < 𝛼 < 𝑛, and 𝑔 ∈ 𝐶+
1[𝑎, 𝑏], we have  

(𝐼𝑎+
𝛼,𝑔

𝐷𝑎+
𝐶 𝛼,𝑔𝜙)(𝑡) = 𝜙(𝑡) + ∑ 𝑐𝑘[𝑔(𝑡) − 𝑔(𝑎)]𝑘,

𝑛−1

𝑘=0

 𝑐𝑘 ∈  𝑅, (𝑘 = 0, … , 𝑛 − 1). 

 

3. Main Results 

3.1. The Green’s Function and Its Properties 

Proposition 3.1. Let 0 < 𝛼, 𝛽 ≤ 1 with 𝛼 + 𝛽 > 1, and let 𝑔 ∈ 𝐶+
1[𝑎, 𝑏]. If 𝑦(𝑡) is a 

solution of problem (1.3) such that 𝐷𝑎+
𝐶 𝛽,𝑔𝑦(. ), 𝑓(. , 𝑦(. )) ∈ 𝐶1[𝑎, 𝑏], then 𝑦(𝑡) is a 

solution of the following integral equation  

𝑦(𝑡) =  (
𝑔(𝑡)−𝑔(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

𝔥(𝑦) + ∫ 𝐺(𝑡, 𝑠)(𝑔(𝑏) − 𝑔(𝑠))
𝛼+𝛽−1

𝑔′(𝑠)𝑓(𝑠, 𝑦(𝑠))d𝑠
𝑏

𝑎
, 

where  

𝐺(𝑡, 𝑠) = {

1

𝛤(𝛼+𝛽)
[(

𝑔(𝑡)−𝑔(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

− (
𝑔(𝑡)−𝑔(𝑠)

𝑔(𝑏)−𝑔(𝑠)
)

𝛼+𝛽−1

] , 𝑎 ≤ 𝑠 < 𝑡 ≤ 𝑏,

1

𝛤(𝛼+𝛽)
(

𝑔(𝑡)−𝑔(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

, 𝑎 ≤ 𝑡 ≤ 𝑠 ≤ 𝑏

 . 

Proof. The proof is similar to that in Lemma 3.1 of Dien (2021). ¡    

  

The function 𝐺(𝑡, 𝑠) constructed in Proposition 3.1 is called the Green’s function. This 

construction differs from the one given by Dien (2021, Lemma 3.1), which leads to 

several properties of the Green’s function that also differ from those in Dien (2021, 

Proposition 3.3 and 3.4). 

Proposition 3.2. Let 0 < 𝛼, 𝛽 ≤ 1,with 𝛼 + 𝛽 > 1, 𝑔 ∈ 𝐶+
1[𝑎, 𝑏], and let the Green’s 

function 𝐺(𝑡, 𝑠) be defined as in Proposition 3.1. Then 

max
𝑡,𝑠∈[𝑎,𝑏]

|𝐺(𝑡, 𝑠)| =
1

𝛤(𝛼 + 𝛽)
. 

Proof. First, we consider the case 𝑎 ≤ 𝑡 ≤ 𝑠 ≤ 𝑏, then 𝐺(𝑡, 𝑠) =
1

𝛤(𝛼+𝛽)
(

𝑔(𝑡)−𝑔(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

. 

Since 𝑔 ∈ 𝐶+
1[𝑎, 𝑏], we have 

0 ≤ (
𝑔(𝑡) − 𝑔(𝑎)

𝑔(𝑏) − 𝑔(𝑎)
)

𝛽

≤ 1, 

and 

(
𝑔(𝑡) − 𝑔(𝑎)

𝑔(𝑏) − 𝑔(𝑎)
)

𝛽

= 1 ⇔ 𝑡 = 𝑠 = 𝑏. 

Therefore, 
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0 ≤ 𝐺(𝑡, 𝑠) ≤
1

𝛤(𝛼+𝛽)
, and 𝐺(𝑡, 𝑠) =

1

𝛤(𝛼+𝛽)
 if and only if 𝑡 = 𝑠 = 𝑏. 

Next, we consider 𝑎 ≤ 𝑠 < 𝑡 ≤ 𝑏, and define 

ℎ(𝑡, 𝑠) = [(
𝑔(𝑡) − 𝑔(𝑎)

𝑔(𝑏) − 𝑔(𝑎)
)

𝛽

− (
𝑔(𝑡) − 𝑔(𝑠)

𝑔(𝑏) − 𝑔(𝑠)
)

𝛼+𝛽−1

]. 

By fixing 𝑡 and differentiating ℎ(𝑡, 𝑠) with respect to 𝑠, we get 

𝜕ℎ

𝜕𝑠
(𝑡, 𝑠) = (𝛼 + 𝛽 − 1)

𝑔′(𝑠)[𝑔(𝑏) − 𝑔(𝑡)]

[𝑔(𝑏) − 𝑔(𝑠)]2
(

𝑔(𝑡) − 𝑔(𝑠)

𝑔(𝑏) − 𝑔(𝑠)
)

𝛼+𝛽−2

≥ 0. 

Thus, for a ≤ s < t ≤ b, one has 

1 ≥ ℎ(𝑡, 𝑡) > ℎ(𝑡, 𝑠) ≥ ℎ(𝑡, 𝑎). 

Note that 0 < 𝛼, 𝛽 ≤ 1 < 𝛼 + 𝛽, this gives 

ℎ(𝑡, 𝑎) = (
𝑔(𝑡) − 𝑔(𝑎)

𝑔(𝑏) − 𝑔(𝑎)
)

𝛽

[1 − (
𝑔(𝑡) − 𝑔(𝑎)

𝑔(𝑏) − 𝑔(𝑎)
)

𝛼−1

] ≤ 0, (𝑎 < 𝑡), 

and  

ℎ(𝑡, 𝑎) = (
𝑔(𝑡) − 𝑔(𝑎)

𝑔(𝑏) − 𝑔(𝑎)
)

𝛼+𝛽−1

[(
𝑔(𝑡) − 𝑔(𝑎)

𝑔(𝑏) − 𝑔(𝑎)
)

1−𝛼

− 1] ≥ −1. 

 

Therefore, 1 ≥ |ℎ(𝑡, 𝑠)| ≥ 0, which implies that 

max
𝑎≤𝑠<𝑡≤𝑏

|𝐺(𝑡, 𝑠)| =
1

𝛤(𝛼 + 𝛽)
 . 

Hence, 

max
𝑠,𝑡∈[𝑎,𝑏]

|𝐺(𝑡, 𝑠)| =
1

𝛤(𝛼+𝛽)
.  ¡     

Proposition 3.3. Let 0 < 𝛼, 𝛽 ≤ 1 <  𝛼 + 𝛽, 𝑔 ∈ 𝐶+
1[𝑎, 𝑏], and let the Green’s function 

𝐺(𝑡, 𝑠) be defined as in Proposition 3.1. Then, for 𝑎 ≤ 𝑡1 ≤ 𝑡2 ≤ 𝑏, the following estimate 

holds: 

|𝐺(𝑡2, 𝑠) − 𝐺(𝑡1, 𝑠)| ≤
3

𝛤(𝛼 + 𝛽)
(

𝑔(𝑡2) − 𝑔(𝑡1)

𝑔(𝑏) − 𝑔(𝑠)
)

𝛽

. 

Proof. We first note the following observations: 

i) 0 < 𝛼 +  𝛽 − 1 ≤ 𝛽 ≤ 1. 

ii) |𝑎𝑝 − 𝑏𝑝| ≤ |𝑎 − 𝑏|𝑝, for 𝑎, 𝑏 ≥ 0, 𝑝 ∈ (0,1]. 

iii) (
𝑔(𝑡)−𝑔(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

≥ (
𝑔(𝑡)−𝑔(𝑠)

𝑔(𝑏)−𝑔(𝑠)
)

𝛼+𝛽−1

, for 𝑎 ≤ 𝑠 < 𝑡 ≤ 𝑏. 

To verify iii), observe that for 𝑎 ≤ 𝑠 < 𝑡 ≤ 𝑏, 
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𝑔(𝑡) − 𝑔(𝑎)

𝑔(𝑏) − 𝑔(𝑎)
−

𝑔(𝑡) − 𝑔(𝑠)

𝑔(𝑏) − 𝑔(𝑠)
=

(𝑔(𝑏) − 𝑔(𝑡))(𝑔(𝑠) − 𝑔(𝑎))

(𝑔(𝑏) − 𝑔(𝑎))(𝑔(𝑏) − 𝑔(𝑠))
≥ 0. 

Thus, 

𝑔(𝑡) − 𝑔(𝑎)

𝑔(𝑏) − 𝑔(𝑎)
≥

𝑔(𝑡) − 𝑔(𝑠)

𝑔(𝑏) − 𝑔(𝑠)
> 0, 

which implies that 

(
𝑔(𝑡) − 𝑔(𝑎)

𝑔(𝑏) − 𝑔(𝑎)
)

𝛽

≥ (
𝑔(𝑡) − 𝑔(𝑠)

𝑔(𝑏) − 𝑔(𝑠)
)

𝛼+𝛽−1

≥ (
𝑔(𝑡) − 𝑔(𝑠)

𝑔(𝑏) − 𝑔(𝑠)
)

𝛼+𝛽−1

. 

We now consider three cases: 

Case 1: 𝑎 ≤ 𝑡1 ≤ 𝑡2 ≤ 𝑠 ≤ 𝑏. In this case, by using ii), we get 

|𝐺(𝑡2, 𝑠) − 𝐺(𝑡1, 𝑠)| =
1

𝛤(𝛼+𝛽)
|(

𝑔(𝑡2)−𝑔(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

− (
𝑔(𝑡1)−𝑔(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

| ≤

1

𝛤(𝛼+𝛽)
(

𝑔(𝑡2)−𝑔(𝑡1)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

.  

Case 2: 𝑎 ≤ 𝑡1 ≤ 𝑠 < 𝑡2 ≤ 𝑏, by using ii) and iii), one has 

|𝐺(𝑡2, 𝑠) − 𝐺(𝑡1, 𝑠)| 

=
1

𝛤(𝛼+𝛽)
|(

𝑔(𝑡2)−𝑔(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

− (
𝑔(𝑡2)−𝑔(𝑠)

𝑔(𝑏)−𝑔(𝑠)
)

𝛼+𝛽−1

− (
𝑔(𝑡1)−𝑔(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

|, 

  ≤
1

𝛤(𝛼+𝛽)
(|(

𝑔(𝑡2)−𝑔(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

− (
𝑔(𝑡1)−𝑔(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

| + (
𝑔(𝑡2)−𝑔(𝑠)

𝑔(𝑏)−𝑔(𝑠)
)

𝛼+𝛽−1

), 

              ≤
1

𝛤(𝛼+𝛽)
((

𝑔(𝑡2)−𝑔(𝑡1)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

+ (
𝑔(𝑡2)−𝑔(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

),  

           ≤
2

𝛤(𝛼+𝛽)
(

𝑔(𝑡2)−𝑔(𝑡1)

𝑔(𝑏)−𝑔(𝑠)
)

𝛽

. 

Case 3: 𝑎 ≤ 𝑠 ≤ 𝑡1 ≤ 𝑡2 ≤ 𝑏. We have: 

|𝐺(𝑡2, 𝑠) − 𝐺(𝑡1, 𝑠)| 

=
1

𝛤(𝛼+𝛽)
|(

𝑔(𝑡2)−𝑔(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

− (
𝑔(𝑡2)−𝑔(𝑠)

𝑔(𝑏)−𝑔(𝑠)
)

𝛼+𝛽−1

− (
𝑔(𝑡1)−𝑔(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

+ (
𝑔(𝑡1)−𝑔(𝑠)

𝑔(𝑏)−𝑔(𝑠)
)

𝛼+𝛽−1

|, 

≤
1

𝛤(𝛼 + 𝛽)
|(

𝑔(𝑡2) − 𝑔(𝑎)

𝑔(𝑏) − 𝑔(𝑎)
)

𝛽

− (
𝑔(𝑡1) − 𝑔(𝑎)

𝑔(𝑏) − 𝑔(𝑎)
)

𝛽

| 

+
1

𝛤(𝛼 + 𝛽)
((

𝑔(𝑡2) − 𝑔(𝑠)

𝑔(𝑏) − 𝑔(𝑠)
)

𝛼+𝛽−1

+ (
𝑔(𝑡1) − 𝑔(𝑠)

𝑔(𝑏) − 𝑔(𝑠)
)

𝛼+𝛽−1

), 

≤
1

𝛤(𝛼 + 𝛽)
(

𝑔(𝑡2) − 𝑔(𝑡1)

𝑔(𝑏) − 𝑔(𝑎)
)

𝛽

+
1

𝛤(𝛼 + 𝛽)
((

𝑔(𝑡2) − 𝑔(𝑎)

𝑔(𝑏) − 𝑔(𝑎)
)

𝛽

+ (
𝑔(𝑡1) − 𝑔(𝑎)

𝑔(𝑏) − 𝑔(𝑎)
)

𝛽

),  

≤
3

𝛤(𝛼 + 𝛽)
(

𝑔(𝑡2) − 𝑔(𝑡1)

𝑔(𝑏) − 𝑔(𝑎)
)

𝛽

. 

Therefore, the desired estimate holds in all cases. ¡   
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3.2. Existence Conditions for the Integral Equation 

In this section, we investigate conditions for the existence of solutions to the integral 

equation of the form 

 𝑦(𝑡) =  (
𝑔(𝑡)−𝑔(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

𝔥(𝑦) + ∫ 𝐺(𝑡, 𝑠)(𝑔(𝑏) − 𝑔(𝑠))
𝛼+𝛽−1

𝑔′(𝑠)𝑓(𝑠, 𝑦(𝑠))d𝑠
𝑏

𝑎
,  (1.4) 

in the Banach space 𝐶[𝑎, 𝑏] with the uniform norm. We impose the following 

assumptions: 

i) (𝒜1): The function 𝔥: ℝ → ℝ is continuous, and there exists 𝜅 ∈ (0,1) such that 

|𝔥(𝑥)| ≤ 𝜅|𝑥|, ∀𝑥 ∈ ℝ. 

ii) (𝒜2): The function 𝑓: [𝑎, 𝑏] × ℝ → ℝ is continuous, and there exist functions 

𝜅1, 𝜅2 ∈ 𝐶([𝑎. 𝑏], ℝ), and non-decreasing function 𝜓 ∶ ℝ+ → ℝ+ such that 

|𝑓(𝑡, 𝑥)| ≤ 𝜅1(𝑡). 𝜓(|𝑥|), ∀𝑡 ∈ (𝑎, 𝑏), ∀𝑥 ∈ ℝ, 

|𝑓(𝑡, 𝑥) − 𝑓(𝑡, 𝑦)| ≤ 𝜅2(𝑡). 𝜙(𝑥, 𝑦), ∀𝑡 ∈ (𝑎, 𝑏), ∀𝑥, 𝑦 ∈ ℝ, 

where 𝜙 ∈ 𝐶(ℝ × ℝ, ℝ) and 𝜙(𝑥, 𝑦) → 0 khi |𝑥 − 𝑦| → 0. 

We obtain the following existence result. 

Theorem 3.4 (Existence of Solution). Assume 0 < 𝛼, 𝛽 ≤ 1, with 𝛼 + 𝛽 > 1. Let 

𝑔 ∈ 𝐶+
1[𝑎, 𝑏], and suppose that assumptions (𝒜1) and (𝒜2) are satisfied. Further 

assume 

(𝑔(𝑏) − 𝑔(. ))
𝛼+𝛽−1

𝑔′(. )𝜅𝑖(. ) ∈ 𝐿1(𝑎, 𝑏), 𝑖 = 1,2. 

If there exists 𝑀 > 0 such that 

𝑀 >  
𝜓(𝑀)

(1 − 𝜅)𝛤(𝛼 + 𝛽)
‖(𝑔(𝑏) − 𝑔(. ))

𝛼+𝛽−1
𝑔′(. )𝜅1(. )‖

𝐿1(𝑎,𝑏)
,    (1.5) 

then the integral equation (1.4) has at least one solution 𝑦0 ∈ 𝐶[𝑎, 𝑏]. 

Proof. Consider the operator 𝑆: 𝐶[𝑎, 𝑏] →  𝐶[𝑎, 𝑏] defined by 

(𝑆𝑦)(𝑡) = (
𝑔(𝑡)−𝑔(𝑎)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

𝔥(𝑦) + ∫ 𝐺(𝑡, 𝑠)(𝑔(𝑏) − 𝑔(𝑠))
𝛼+𝛽−1

𝑔′(𝑠)𝑓(𝑠, 𝑦(𝑠))d𝑠
𝑏

𝑎
, 

where 𝐺(𝑡, 𝑠) is the Green's function determined by the boundary conditions of the 

problem (1.3). 

We show that 𝑆 satisfies the conditions of the Schauder fixed point theorem. 

• Continuity of 𝑺 

Let 𝑦, 𝑧 ∈ 𝐵𝑟 = {𝑢 ∈  𝐶[𝑎, 𝑏]: ‖𝑢‖ ≤  𝑟}, (𝑟 > 0). Then: 

‖𝑆𝑦 − 𝑆𝑧‖ ≤ 𝜅‖𝑦 − 𝑧‖

+
1

𝛤(𝛼 + 𝛽)
‖𝜙(𝑦(. ), 𝑧(. ))‖. ‖(𝑔(𝑏) − 𝑔(. ))

𝛼+𝛽−1
𝑔′(. )𝜅2(. )‖

𝐿1(𝑎,𝑏)
. 

Since 𝜙(𝑦(𝑠), 𝑧(𝑠)) → 0 as 𝑦 → 𝑧, it follows that is 𝑆 continuous. 

• 𝑺 maps bounded sets into bounded sets 

For 𝑦 ∈ 𝐵𝑟, we have 

‖𝑆𝑦‖  ≤ 𝜅𝑟 +
𝜓(𝑟)

Γ(𝛼 + 𝛽)
‖(𝑔(𝑏) − 𝑔(. ))

𝛼+𝛽−1
𝑔′(. )𝜅1(. )‖

𝐿1(𝑎,𝑏)
 . 
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• 𝑺 maps bounded sets into equicontinuous sets: 

For 𝑦 ∈ 𝐵𝑟 , 𝑎 ≤  𝑡1 <  𝑡2 ≤  𝑏, we have 

|𝑆(𝑦(𝑡2)) − 𝑆(𝑦(𝑡1))| ≤ |(
𝑔(𝑡2) − 𝑔(𝑎)

𝑔(𝑏) − 𝑔(𝑎)
)

𝛽

− (
𝑔(𝑡1) − 𝑔(𝑎)

𝑔(𝑏) − 𝑔(𝑎)
)

𝛽

| |𝔥(𝑦)| 

+ ∫ |𝐺(𝑡2, 𝑠) − 𝐺(𝑡1, 𝑠)|. (𝑔(𝑏) − 𝑔(𝑠))
𝛼+𝛽−1

𝑔′(𝑠). |𝑓(𝑠, 𝑦(𝑠))|𝑑𝑠,
𝑏

𝑎

 

≤ (
𝑔(𝑡2)−𝑔(𝑡1)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

|| 𝔥|| +
3

𝛤(𝛼+𝛽)
(

𝑔(𝑡2)−𝑔(𝑡1)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

∫ (𝑔(𝑏) −
𝑏

𝑎

𝑔(𝑠))
𝛼+𝛽−1

𝑔′(𝑠)|𝑓(𝑠, 𝑦(𝑠))|𝑑𝑠, 

≤ (
𝑔(𝑡2)−𝑔(𝑡1)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

𝜅𝑟 +
3𝜓(𝑟)

Γ(𝛼+𝛽)
(

𝑔(𝑡2)−𝑔(𝑡1)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

∫ (𝑔(𝑏) − 𝑔(𝑠))
𝛼+𝛽−1

𝑔′(𝑠)𝜅1(𝑠)𝑑𝑠
𝑏

𝑎
, 

= (
𝑔(𝑡2)−𝑔(𝑡1)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

𝜅𝑟 +
3𝜓(𝑟)

Γ(𝛼+𝛽)
(

𝑔(𝑡2)−𝑔(𝑡1)

𝑔(𝑏)−𝑔(𝑎)
)

𝛽

‖(𝑔(𝑏) − 𝑔(. ))
𝛼+𝛽−1

𝑔′(. )𝜅1(. )‖
𝐿1(𝑎,𝑏)

, 

= 𝐶1(𝑔(𝑡2) − 𝑔(𝑡1))
𝛽

, 

where 𝐶1 is constant depending on 𝑟, 𝜓(𝑟), 𝜅, but independent of 𝑦. Since 𝑔 is continuous, 

it follows that 𝑆(𝐵𝑟) is relatively compact. 

• Application of the Schauder fixed point theorem 

Suppose 𝑦 = 𝜆𝑆𝑦 for some 𝑦 ∈ 𝜕𝐵𝑀, 𝜆 ∈  (0,1). Then 

𝑀 = ‖𝑦‖ ≤ ‖𝑆𝑦‖ ≤ 𝜅𝑀 +
𝜓(𝑀)

Γ(𝛼 + 𝛽)
‖(𝑔(𝑏) − 𝑔(. ))

𝛼+𝛽−1
𝑔′(. )𝜅1(. )‖

𝐿1(𝑎,𝑏)
 . 

Thus, 

𝑀 ≤
𝜓(𝑀)

(1 − 𝜅)Γ(𝛼 + 𝛽)
‖(𝑔(𝑏) − 𝑔(. ))

𝛼+𝛽−1
𝑔′(. )𝜅1(. )‖

𝐿1(𝑎,𝑏)
. 

This contradicts the assumption (1.5). Hence, 𝑆 has at least one fixed point 𝑦0 ∈
 𝐵𝑀.This fixed point is a solution to the integral equation (1.4). The theorem is proved. ¡
     

Theorem 3.5 ([5], Theorem 4.7). Let 0 < 𝛼, 𝛽 ≤ 1 <  𝛼 + 𝛽, and suppose 𝑔 ∈
𝐶+

1[𝑎, 𝑏], 𝔥 ∈ 𝐶(ℝ, ℝ). Assume that: 

i) Conditions (𝒜1), and (𝒜2) are satisfied; 

ii) 𝑔′(. )𝜅𝑖(. ) ∈ 𝐿1(𝑎, 𝑏), 𝑖 = 1,2. 

If there exists 𝑀 > 0 such that 

𝑀 >  
𝜓(𝑀)𝐺𝑚𝑎𝑥

(1 − 𝜅)𝛤(𝛼 + 𝛽)
‖𝑔′(. )𝜅1(. )‖𝐿1(𝑎,𝑏),            (1.6) 

where  

𝐺𝑚𝑎𝑥 = (𝑔(𝑏) − 𝑔(𝑎))
𝛼+𝛽−1

𝑚𝑎𝑥 {𝛽𝛽(𝛼 + 𝛽 − 1)𝛼+𝛽−1,
𝛽(𝛼+𝛽−1)

𝛼+𝛽−1
𝛽

(𝛼+2𝛽−1)
𝛼+2𝛽−1

𝛽

}, 

then the boundary value problem (1.4) has at least one solution. 
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Remark 3.6. Assuming the hypotheses in both Theorem 3.4 and Theorem 3.5 hold, we 

compare the thresholds for 𝑀 > 0 given in inequalities (1.5) and (1.6) to show that the 

results of these two theorems are essentially different. Specifically, observe the distinction 

between the following two quantities: 

• 𝐴 = ‖(𝑔(𝑏) − 𝑔(. ))
𝛼+𝛽−1

𝑔′(. )𝜅1(. )‖
𝐿1(𝑎,𝑏)

, 

• 𝐵 = (𝑔(𝑏) − 𝑔(𝑎))
𝛼+𝛽−1

. 𝐺max. ‖𝑔′(. )𝜅1(. )‖𝐿1(𝑎,𝑏). 

We will now illustrate the difference between 𝐴 and 𝐵 through examples. 

Example 3.7. Let 𝛼 = 0,5; 𝛽 = 1; 𝑎 = 0; 𝑏 = 1, and define the functions: 

• 𝑔(𝑡) = 𝑡, ∀𝑡 ∈ [0,1], 

•  𝜅1(𝑡) = 𝑡, ∀𝑡 ∈ [0,1], 

• 𝑓(𝑡, 𝑥) = 𝑡. 𝑥, ∀𝑡 ∈ [0,1], ∀ 𝑥 ∈ ℝ. 

• Then we compute: 

𝐴 − 𝐵 = ∫ (𝑏 − 𝑠)0,5
1

0

𝑠𝑑𝑠 −
2√3

9
∫ 𝑠

1

0

𝑑𝑠 =
4

15
−

√3

9
> 0 ⇒ 𝐴 > 𝐵. 

Example 3.8. Again, let 𝛼 = 0,5; 𝛽 = 1; 𝑎 = 0; 𝑏 = 1, and define: 

• 𝑔(𝑡) = 𝑡, ∀𝑡 ∈ [0,1], 

•  𝜅1(𝑡) = 𝑡5, ∀𝑡 ∈ [0,1], 

• 𝑓(𝑡, 𝑥) = 𝑡. 𝑥, ∀𝑡 ∈ [0,1], ∀ 𝑥 ∈ ℝ. 

Then 

𝐴 − 𝐵 = ∫ (𝑏 − 𝑠)0,5
1

0

𝑠5𝑑𝑠 −
2√3

9
∫ 𝑠5

1

0

𝑑𝑠 =
512

9009
−

√3

27
< 0 ⇒ 𝐴 < 𝐵. 

 

4. Conclusion and Further Directions 

This paper presents an alternative approach to constructing the Green's function, thereby 

extending the existence conditions for fractional differential equations with boundary 

conditions. This expansion enables the application of the results to a broader class of 

nonlinear problems. 

In terms of applications, fractional differential equations with complex boundary 

conditions arise in various real-world models, such as those in materials physics, systems 

biology, control engineering, and finance. Establishing the existence of solutions is a 

foundational step in ensuring the mathematical validity of such models before any 

quantitative analysis or numerical simulation is performed. Hence, the results in this paper 

may serve as a verification tool in engineering practice, particularly for systems involving 

non-standard or nonlinear-dependent boundary conditions. 

Future work may focus on studying the uniqueness and stability of solutions, as well as 

generalizing the results to other types of fractional derivatives or different initial 

conditions. Another practical direction involves integrating the theoretical results with 

numerical methods to develop solution algorithms. 
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