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ABSTRACT

In this paper, we are interested in the problem of determining the source function forthe
Sobolev equation with fractional Laplacian. This problem is non-well-posed. We show theerror
estimate between the exact solution and the reqularized solution with the observed data in L°
spaces.
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1 Introduction

For a > 1, let Q € RV (N > 1) with sufficiently smooth boundary dQ. In this paper, we investigate
the following problem

v —mAy + (—A)% = F(z,t), in Qx(0,T] (1.1)

where m > 0 is the diffusion coefficient, F' is the source function and w desribe the distribution of the
temperature at space x and time ¢. Sobolev equation describing various physical phenomena, such as
heat conduction [1], homogeneous liquid permeability [2], propagation of long waves in a nonlinearly
dispersed medium [3]. From the fractional Laplacian (—A)® with properties of fractional operator
(—A)* has been described in detail in [1], [4], [5], [6]. The main purpose of this paper is to determine
the source function F'(z,t) = ¢(t)f(x) with the split form when we know that

v(z,T)=¢&(x),v(z,0) =0, x€. (1.2)

The question of determining the function f when we know ¢ and £ will be studied carefully in this
paper. It is surprising that the problem of determining the source function for the pseudo-parabolic
equation has not been investigated before. Our main task here is to construct a regularized method
which looking for the function f. and claim that

lim ||fe — || = 0, when e — 0. (1.3)

129



Long, Nam, Minh, Nghia -Volume 5 — Special Issue - 2023, p.129-135.

within the appropriate range. It can be affirmed that our paper is one of the first works on the inverse
source problem for the Sobolev equation, on the regularization methods studied. In [7], the regular
method Tikhonov. Ma-Prakash-Deiveegan [8] applied the generalization and modification Tikhonov
regularization methods. The Landweber normalization method was first derived from [9], [10], [11],
[12]. Binh and co-authors, see [13] studied the Rayleigh-Stokes problem through the Tikhonov method.
However, these error estimates in the L? spaces, the results in this paper are evaluated in the L? spaces,
which also makes a new point in this paper. In addition, the source function of the current paper
depends on the ¢ function, making the calculation more cumbersome.

This article is organized as follows. Section 2 presents some preparatory knowledge. In the section
3, we give the Fourier formula of the source function of the problem. In Section 4, we provide a
convergence estimate.

2 Preliminary Results

The operator A = —A on V = H}(Q) N H?(), and A has the eigenvalues A, such that 0 < \; <
Ay <o < A\, = 00 as n — 00. The corresponding eigenfunctions are denoted by e, € V. Next, we
define by A the following operator

A0 =Y A (v, en) en(x), v € D (A7) = {v EL*(Q): > [(v,en)? AF < oo}. (2.1)
n=1

n=1

The domain D (A7) is the Banach space equipped with the norm

0 1
lollpeasy = (D v, en)? A27)° (2:2)
n=1

Lemma 2.1. Let assume that o > 1, and ¢ : [0,T] — R such that
0< Ay < p(t) < As. Then we receive

T A& 1+mA

(T —§)—2n < Ay .

/0 exp ( (T —s) T m}\n> p(s)ds < Ay N (2.3)
and
1+ a\, AT
v <1 — exp <_T1 n m/\1>> Ay
T )\a

< —(T — [ L — . 2.4

< [Cew (<=0 2E ) et (2.4
Proof. See in [14]. O

Lemma 2.2. (See [?] The following statement are true:

LP(Q) = DA (Q), if —§<p<o, p>N4M}

D(A)(Q) = LP(Q), if 0<pu<f, p<Fp

3 Inverse source problem

Taking the inner product of both sides of (1.1) with e,(z), we get

jt(/ﬂl/(x,t)en( ) m\p QI/ x,t)en(x )da:)
—i—)\o‘(/gz/ z,t)en(x ) = /QF(x,t)en(x)dx, (3.1)
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and u(z,0) = 0, we have that

/Qf(x)en(x)dq; = /OT exp <m> </§2F(x,s)en(m)da:>ds, (3.2)

since the fact that F'(z,t) = p(t)f(x), we get

¥
e T = fgf(@en(x)dx |
/f o f eXp( (T—s)Agy )@(S)ds

1+mAn,

(3.3)

Hence, we have

< Jo §(@)en(x)dx

= ( Sy exp (FER) p(s)ds

4 Regularization on L’ spaces
The following theorem will be our main result in this paper
Theorem 4.1. Let us take (&, p.) is observed data of (&, ) such that
lee = @llzoor) + 16 = Ellp) <6 (4.1)

> A3 > 0 for any a > 1, and o' < b < 2. Assume that f € D(A0+k) for o > 0 and
. A regularized solution built as follows

Ce
fEC(SU) _ (fQ ge )dl') en(x) ' (4'2)
nz::l fOT exp (—(T — s) H/\m")\n) e(s)ds

Then the error estimate

o(1-5) (a-1)s+k+ -5
erc fHLN 2 is of ordermax{eé,e“_“’k*%‘% e } (4.3)
If we choice C, satisfies
liH(l] IC|* e = hr% (\C |4 Lkt g =% 6) =0, liInOC6 = +o0- (4.4)
€E— €E— [Sd
Remark 4.2. C. is chosen as follows:
o NN
Ce=e* "2 0<d< 1. (4.5)

Proof. In view of triangle inequality, we find that

76 - fHD(A'“) = H}—g a fHD(Ak) * Hff a AF) + H}—f - Je D(AF)’ (4.6)
whereby
N (Jof@en(@)dr) en(a)
Fle(z) = ,
1 (z) = exp(—(T—S)HﬁlAn)wE(S)ds
c
FCe(x) = - (fﬂg :U)dx) en() '
2 ( ) n—1 fO exp(— (T—3)1+/\7§>\n>(p(3)d5 (4 7)
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Next, we considered the upper bound of (4.6). For convenience, we consider the following step.
Step 1 Estimate of H]-'QC€ — fHD

o - i [/OTexp <_(T_s)1ﬁfw> @(s)dsyl </Q§(x)en(x)dx> en()
- i ( ) f(x)en(x)dx> en(). (4.8)

From (4.8), using the Parseval equality, we have

b=l = 35, % (f o)
Z A 20 \2o+2k ( / f(z end:c> . (4.9)

n=Ac+1

If A, > Cc and n > 0, , it is easy to see that \,27 < |CE|_2U, this implies that

H]_—ZC _fH2D(Ak) <l Z 2272k (/ F(x)en(x )dw>2
= 1C T AN sy (4.10)

It gives

H]:C f“ D(A7Hk) ~ <G HfHD(Aa+k) (4.11)

Step 2. Estimate of H]—"lcf —_ }ge

D(A¥)
C Jy exp (=(T = ) i ) (9els) = (s)) ds
el fOT exp <—(T - S)H%) (s)ds

Joé(@)en(z)da
fOT exp (—(T — s)H’\TM) o(s)ds

Fi (@) = Fye(a) =

We follows from (4.12) that

Ce [ Jy exp (—(T — s)%) (¢e(s) — @(s)) ds ? )
i ’; [ Jo exp (—(T - 5)1+AT%A”) Pe(s)ds ] o (/Q f(x)e"(x)dx> ' (4.13)

Thank to Holder inequality, we know that

/OT exp <—(T - s)?'i> (ou(s) — o(s)) ds

< ([ et so(s)rds)i ([ oo (-ra-o i) a) " (114)
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where b* = %. It provide the following statement

. L\
(/0 els) = o(s) ds) ~ o= ellmom. (4.15)

Next, using the inequality 1 — exp(—z) < z,Vz > 0, one has

/T exp [ —b*(T — ))‘7& ds) = — 1 (1 _Tb*)‘ig
0 P 1+mA\, TRt P 1+mA,
1+mA,

<T (4.16)

where we note that b > a~!, combining three evaluations (4.14), (4.15), and (4.16), we derive that
the following estimate

[ o (- @01 25 (o) o | S TF o=l (01D

Next, let assume that . by a positive constant A3, we have immediately

T &
(T —s)—2n ),
[ e (<= g ) e
1+a\, AT
> _ _p__ 1
Z o <1 exp< T1+m)\1>>A3

1 A\
1-— -T— ). 4.18
oA ( = ( 1+ m)\1>) (4.18)

Vv

We assert that
T A%
Jy exp (=(T = 5) 12 ) (els) — (o)) ds
T [e%
Iy exp (T = 5) 12y ) eels)ds

A¢ -
< NI ||, — - B A - . .
< AT [l — llpoormy [aAg (1 exp( T1+m)\l>>] (4.19)
By we denote
1 AT -1
./45 = Tv* CLA?, 1-— exp —Tm . (420)
Combining (4.14) to (4.20), we can see that
) c. 2
7o =75y <D0 ([ s@enaras) (421)
D(A¥) ot Q
The finite sum Y6 A\20-2+2k (Jq f(an)en(ac)dx)2 is bounded by
Ce 2
eS8 ([ fentont) < G I1 (1.22)
n=1
Therefore, we follows from (4.22) that
|76 = 7] ey = A5l e e (4.23)
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Step 3. Estimate of H]—'fe _ fece

DAY From (4.12) and (4.16), we receive

Ce
FCe (z) — fECe (z) = fﬂ (§€($) - £($))5n($)dx (). (4.24)
1 V; foT €xp (_(T - 5)1+A73,\n> pe(s)ds

From (4.24), by taking the norm in space D (.Ak), add Parseval’ s equality, we obtain that

2 & Jo (€c(z) — £(2)) en(@)dz 2
— — . (4.25)
D(A¥) ; (fOT exp (—(T - ‘9)1-1->\Tn/\n) ve(s)d >

|- g

Thank to the inequality (4.18), we get

|75 s

x ZV“ e ( /Q (&la )—ﬁ(x))en(ﬂﬂ)dw>2- (4.26)

Nr—2N

Since 1 < b < 2, we know that L°(Q2) < D(A™ 2 (). we continue to deal with the finite series on
the right above as follows

i Ap AR < /Q (Ec(z) — &(x)) en(x)(w)dx> :
— Z A2 2+2k+M_N)\:bb2N (/ (&(z) — €(2)) 6n($)dgg>2

< \CA“*”HQN_NZEAN" S ([ e - >>en<x>dw)2

— [C PR N e, &l g2z S 1Ce 2o TN e, — ]l gy - (4.27)

By summarizing all three evaluations 4.32, 4.33, we infer that

i

N_N
b2

< AT [C T e, (4.28)

D(AF)

From three steps, we can conclude that

erce - fHD(_Ak) < ICeFU ||f||D(Aa+k) + A5||f||D(Ak) |C6|O{71 €

+ AT [C o T (4.29)
By using Lemma 2.2, since 0 < k < %, we know that D (AF) < LN (€2), which yields to the desired
result (4.3). O
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