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ABSTRACT

In this paper, we consider initial value problems for nonlinear fractional equations
where source functions may discontinuous. We obtain the existence and uniqueness
of maximal mild solutions of the problem. We also give some appropriate conditions
such that mild solutions of the problem blow-up at a finite time. Furthermore, we
discuss the continuous dependence of mild solutions of the problem with respect to

fractional order.

Keywords: Caputo fractional derivative, Initial value problems, Locally Lipschitz functions,

Fized point theorems

1 Introduction

Fractional differential equations is a generalized form of an integer order differential equations
where derivatives of integer orders are replaced by derivatives of arbitrary orders. There are
numerous papers studying fractional differential equations with various boundary conditions.
For initial value problems, we refer to the excellent monograph books (Diethelm, 2010;
Kilbas et al, 2006). In this paper, we would like to enrich the theory of fractional differential

equations by considering the following problem

(1.1)

Dgu(t) = f(t,u(t)), te€(0,7], n—1< a<n for some n € N*,
u™(0) = &, (k=0,1,2,..,n—1),

where T > 0 is given, and Dy is the Caputo fractional derivative of order a.
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Unlike most of previous works, in this paper, the source function of the problem is

assumed to satisfy a singular Lipschitz or a singular locally Lipschitz condition as follows:

e Assumption (Al): f is a singular Lipschitz function, i.e., there exist a positive

number L; and a non-negative number 7 such that

[F(tu(t)) = f(to@)] < Lt |u— o],
|f(t,0)] < Lyt™

forallt € (0,7], u,v € R.

e Assumption (42): f is a singular locally Lipschitz function, i.e., for any A > 0, there

exist a positive number L;(A) and a non-negative number v such that

[F(tu(t)) = [t 0@)] < LA u = vl
|f(t,0)] < Lyt™

for all ¢ > 0 and |ul, |v| < A.

It is worth noting that differential equations where source functions satisfying Assumption
(A1) were considered in (Delbosco et al, 1996; Dien and Trong, 2021; Dien and Viet, 2021;
Dien, 2021; Sin et al, 2016; Webb, 2019). However, in the mentioned papers, the authors
only considered the cases 0 < a < 1 or 1 < a < 2. Besides, differential equations with

source functions satisfying Assumption (\A2) are still not considered.

The topic of the continuous dependent of solutions of differential equations was studied
in (Dien and Trong, 2021; Dien and Viet, 2021; Dien, 2021; Dien, 2022). This topic has
been also studied for fractional partial differential equations such as (Dien and Trong, 2019;
Trong et al, 2020; Trong el al, 2020; Viet et al, 2019). Usually, in these paper, the fractional

orders of differential equations were restricted on the intervals (0, 1] or (1,2].

Motivated by the above discussions, we consider the problem (1.1) with fractional order
a > 0 arbitrary and the source function satisfying the Assumptions (A1) or (.A2). Our main
contributions are that: (i) we prove that the problem has a unique maximal mild solution;
(ii) we show that mild solutions of the problem are dependent continuously on fractional
order and initial data; (iii) we prove that mild solutions of the problem blow-up at finite

time under some appropriate conditions.

In section 2, we set up some notations, and introduce the concepts of fractional integral

and Caputo fractional derivative. We also present preliminary lemmas, one of them may be
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new. In section 3, we divide it into two parts. The first part concerns the problem where
the source function satisfies a singular Lipschitz condition. We include the poof of a known
result on the existence and uniqueness of solutions of the problem. Besides, we give a simple
proof of the continuous dependence of solutions of the problem on the fractional derivative.
The second part is devoted to the problem with a locally singular Lipschitz source. We

believe the results in this part are new.

2 Preliminaries

This section begin by setting up some notations. For u € C([0,T],R) and 0 < Ty < T', we
define

[ull = sup{|u(t)] : 0 <t < T} and ||ull, = sup{[u(t)] : 0 <t < Tp}.
We also recall the classical Gamma and Beta functions

) 1
L(p) :/ et dt, B(p,Q)Z/ (L=t dt, p,g>0.
0 0

It is well-known that
['(p)L'(q)

P =5 1)

(2.1)

Let us continue by presenting the concepts of the fractional integral and Caputo fractional

derivative.

Definition 2.1. The fractional integral of order o > 0 s defined as

Rt = ﬁ /0 (t— 75 h(r) dr

when the integral exists, and I°h(t) = h(t).

Definition 2.2. The Caputo derivative of fractional order o > 0 is defined as

R (s)

1 t
DYh(t) =< T'(n — «) /0 (t — s)oti-m
R (1) as a=n,

ds as n—1<a<n=][a]+1,

where [« denotes the integer part of the real number «.

We now list here some properties of the fractional integral and fractional Caputo deriva-

tive.

20



Nguyen Minh Dien - Volume 4 - Issue 4 - 2022, p.18-31.

Lemma 2.3 (Kilbas et al, 2006). Let n € N* andn — 1 < a <n. We have
(i). If h € C([0,T],R) then D}(I*h(t)) = h(t).
(ii). If h € C™([0,T],R) then I*(Dh(t)) = f(t) + co+ et + .. + cpqt™ 1t
(iii). DZh(t) = 0 implies that h(t) = co + c1t + .. + ¢, 1"

(). For all > B, then DY I®h(t) = I°Ph(t).

To end this section, we give three lemmas that play an important role in the proof of the

main results of the paper.

Lemma 2.4 (Dien, 2021). Let 0 <p <1, and ¢ <p, ¢q<1. For 0 < s <t <T, we denote

t t
Hyq(s,t) = / (t—7)P'77%dr, Hy,(t) = / (t— )Pty adr.
s 0

Then,
H,,(s,t) =0 as |s—t| =0, Hy (t) =t" "B (p,1—q).

As a consequence,

Hpq(t) < Hyy(T)

for any t € [0,T].
Using the above Lemma, we can prove following result.
Lemma 2.5. Assume that there exist L, >0 and 0 < v < «, v < 1 such that
|A(E)] < Lnt™

for allt € (0,T). Then, I*h(t) € C([0,T],R).

PROOF. For any § > 0, by direct computation, we have

|[I°h(t) — I®h(z + 0)|
t+6
FL </ | (t—7)""—(t+0— O‘*1| |h(7’)]d7‘+/t (t+6—7)* Hh(r)) dT)

t+6
(/ ((t=7)* =+ 0 —7)* |t d7+/ (t+0—7) 1t dT) (2.2)
t

To obtain the desired result, we consider two cases: 0 < a <1 and a > 1.

IN

| A
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The first case: 0 < a < 1. Tt is obvious that (t — 7)*' > (t + 6 — 7)*" . So, we ob-
tain from (2.2) together with Lemma 2.4 that

I°h(t) — I°h(z + 6)|

< F?(’;) (/Ot (t=7) =t +6—7)* )t dr + /ttH(t +6—T7) dT)

Ln_
()

(Hor(t) = Hon(t+6) + 2Har (8t +0)) = 0 as 6 — 0.

The second case: o > 1. Tt is obvious that (t — 7)*7! < (t + — 7)*7'. Using (2.2) and

Lemma 2.4, we get
|[I*h(t) — I%h(x + 9)|

< F[(’;) (/Ot (t+6—7)*"=(t—7)* )t dr + /;M(t +0 1) dr)

L
= P (Ho(t+6) — Hoyr(1) = 0 as 0 — 0.

[(a)
Thus, we conclude that |I*h(t) — [*h(x +J)] — 0 as 6 — 0 for all & > 0 or I*h(t) €
C([0,T],R). The proof of Lemma is finished. O

Lemma 2.6. Let a > 0 and 0 < v < min{1,a}. Suppose that u is a non-negative function

and u € L*[0,T], and u satisfies the following inequality
t
u(t) < C +/ Ci(t — 7)* 7 Tu(r)
0
for some positive numbers A, B. Then, for any 0 < p < min{l — v, — v}, we have
u(t) < 2'7PCexp (Cot),

where Cy = 2/71CYP BV (0 — p)/(L = ). (1 5 — p)/(1 = p)) T,

PROOF. The result of Lemma is a corollary of Theorem 1 in (Dien, 2022). O

3 Main results

In this section, we present the main results of the paper. First, using Lemma 2.3, we can
easily transform the problem (1.1) to the following integral equation (also see (Diethelm,

2010))
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u(t) = 9(t) + I f(¢, u(t))
=9(t) + ﬁ /0 (t — 1) f(r,u(r)) dr, (3.1)
where

n—1 tk
19(75) = Z €kE-
k=0 )

Definition 3.1. A function u € C([0,T],R) satisfying the integral equation (3.1) is called
mild solution of the problem (1.1).

Based on the obtained integral equation and the concept of mild solutions, we state and
prove main results of the current paper. We divide the results in two cases: singular Lipschitz

source, and singular locally Lipschitz source.

3.1 The case singular Lipschitz source

When the source function is a singular Lipschitz, we have the following results.

Theorem 3.2. Let o« > 0 and 0 < v < min{l,a}. Assume that Assumption (A1)
holds. Then the problem (1.1) has a unique mild solution. Furthermore, for all p satisfying

0 < p <min{l —v,a — v}, we have upper-bound estimate

u(t) < 2'7PCexp (Cot),

where )
~— . TF L;T(1-7)
C= _— T
%’5’“ M Tatri—q)
and

1/p
Co= 20t (s ) B (e /1= ) 1=y = (1 ) T

Remark 3.3. The existence and uniqueness of mild solutions of the fractional differential
equations with the source functions satisfy Assumption (A1) were investigated in [?, 7] for
the cases 0 < a <1 and 1 < a < 2. Herein, we prove the result for all o > 0. Besides, we

also present a new upper-bounded estimate for the solution of the problem.

PRrROOF. We consider the operator ® : C([0,T],R) — C([0,7T],R) defined by

Qu(t) = 9(t) + I*f(t, u(t)) = 9(t) + ﬁ /0 (t — 1) f(r,u(r)) dr, (3.2)
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where the function ¥ is defined in (3.1). From Assumption (A1), we have |f(¢,u(t))| <
L¢(Ju|+ 1)t < M,t~" where M, = L¢(||ul| +1). Thus, in view of Lemma 2.5, we find that
® is well-defined. We now show by induction that

C,I'(1 L?
0ate) — ) < ot ey 33)
where
Co=1. C, = Lima =y —y+1),

Fim(a—7v)+1)

Indeed, in view of Lemma 2.4 and (2.1), we have

1t -
[Bu(t) ~ 00(0) < 5 / (t — )" (ru(r) — fir, u(r))| dr

i t — ) (1) = w(r)| dr
<55 [ =2t — ut)

L
< L Bla, 1= )t* " u — |

~ (o)
_ F(l - V)Lf ta—q/Hu _ U”
Ila+1-7) '

Thus (3.3) holds for m = 1. Suppose that (3.3) holds for m = N, then, we have

|V Hhu(t) — V(1)

i t — ) 0N u(r) — dNu(r)] dr
<55 [ a=nrrlev ) - Vo)
CNT(1 — ) LY N
< Tt ) - “”/ s
CNT(1 — ) LY

B(a, N(a —7) + 1 — )ty — |

T T (N(a—7v)—v+1)
Oy T =)L
TN+ 1D)(a=7)—y+1)

(N+D@=)]jq; — .

It implies that (3.3) holds for all m € N. Since I'(z) is an increasing function for all = > 2,
therefore, I'(m(av —v) — v+ 1) < I'(m(a — ) + 1) for m large enough. This leads to
C,, = %Cm_l < C,,_1 for m large enough. So, we deduce that there exists
M > 0 such that 0 < C,,, < M for all m € N. Combining this fact with (3.3), we obtain
MT(1 =)L
P(m(a —7) =v+1)

MT Ly
It is easily to see that lim,, .. %T’”(a 7 =0, so, there exists an integer number
MT(1—v)L

WT’"O(“ 7 < 1/2. This shows that ®™ is a contraction mapping in

C(]0,T],R). Consequently, ®™ admits a unique fixed point u € C([0, T],R), i.e, P™0u = w.

&7 — @] < T — o).

mg such that
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On the other hand, we have du = ®™0ly = ™0 (Py). Thus, Pu is also the fixed point of

®™0_ From the uniqueness of fixed point of ", we conclude that ®u = w.

Let u be a unique mild solution of the problem (1.1), i.e., ®u = u. On the other hand,
we have from Assumption (A1) that |f(¢,u(t))| < Ls(|u| + 1)t~7. This gives

u(t)] = [Qu(t)]
—1 1 ¢ -
sg;m| i | =) 0
n—1
< > IS |T—]~C + %t“ "B(a,1 —7) + %/Ot(t — ) u(r)| + 1) dr
<C+ Ly /t(t — ) (7)) dr,
F(a) 0

where C' =Y~ \§k| Lfaill :)) T7. Here we have used the fact that & 1 B(a 1—79)=
nglvw Applying Lemma 2.6, we obtain the desired result. This Completes the proof of
Lemma. [

In the next theorem, we prove that the solution of the problem is dependent continuously
on fractional order. To do that, let us consider approximate problem of the problem (1.1)

as follows.

3.4
ul?(0) = &, (k=0,1,2,..,n—1). (3.4)

Then, we have the following theorem.

{D?w@%=ﬂtw@»,t€(&ﬂ

Theorem 3.4. Let a > 0, a; > 0 for all j € N*, and 0 < v < min{1, o, infen- a; }. Suppose
that Assumption (A1) is satisfied. Let u, be a (unique) mild solution of the problem (1.1),
and ua; be a (unique) mild solution of the approvimate problem (8.4). If a; — a and
&k — &k as k — oo, then

Huaj—uaH—>0 as j — oo.

PROOF. Let us consider the operators ®; : C([0,T],R) — C([0,T],R) defined by

Byult) = 0,(0)+ 1%t ) = 0,0 + g [ (= e @9

n—1 tk
D= &g
k=0
Using Lemma 2.6, we infer that ®; are well-defined for all j € N. Regarding to the operator
® given by (3.2), by direct computation, we have

B0, (1) — Pua (1)] < [0, — 9| + |12} + Q)1 + By(0). (3.6)
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where
Py(t) = \L _ L' / t(t— e f(r ualr)) i,

= (t = 1) f(r ua(r))] dr,

R;(t) = : /0 (t—m7)%~ 1|f T, U, (T)) — f(T,Ua<T)>‘ dr.

Step 1. Estimate for P;. We have |f(t,uq(t))| < Ly(Jua| + 1)t77 < M, t™7 where M, =
L¢(Jual +1). In view of Lemma 2.4, we get

1 1
P;(t) < My, M) T(a) Hapy (1)
1 1
= M) Ty

Since I'(a;) = ['(cv) as j — oo, the latter inequality deduces that

|P;l =0 as j — oo.

Step 2. Estimate for Q. Since g(7) = (t — 7)*' — (¢ — 7)*~! does not change sign on the
interval [0,t]. Using the fact that |f(¢,u(t))| < M, t~7 and Lemma 2.4, we obtain

t
Qit) < / (=)™ = (=) ) 7 dr
M
w1 Bay, 1 =) = ° ' B(a, 1 —7)| = 0

- T(ay)
uniformly for all t € [0,7] as j — oo or ||Q;]| = 0 as j — oo.

F(%

Step 3. Estimate for R;.
Rit) < -1 / (=75t () — a(r)]
I'(aj) Jo ’
Since ®uy = uq and ju,; = u,,, we can combine (3.6) and Step 3 to get

Ly t — 1) Y g (1) — ug(7)| dr
Fi 0= e () = )]

Fixed 0 < p < infjen+ 5, applying Lemma 2.6, we obtain

|ta(t) = o, ()] < 119; = 9]+ 155] + 11Qs1 +

|tta; (1) — ua(t)| < 277 (|[0; = Il + | Py]| + 1Q1]) exp (Cit)
<217 (|[0; = 9| + 1B + Qs exp (C4T)
1/p
where C; = 271 () 7 BUP1 (a5 = p)/(1 = p), (1= = p) /(1 = p)) T,
Using the fact that ||[J; — J|| — 0, Step 1 and Step 2 together with the latter inequality,

we conclude that ||ua, (t) — ua|| — 0 as j — co. This finishes the proof of Theorem. O
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3.2 The case singular locally Lipschitz source

Under the assumption the source is a singular locally Lipschitz, we obtain the existence,
uniqueness and continuity results of maximal solution of the problem. We also get a result
on the blow-up of solutions of the problem at the finite time. The results in this subsection

seem to be new and have not been studied in previous papers.

Theorem 3.5. Let a > 0 and 0 < v < min{1, o}, and let ¥ be defined in (3.1). Assume
that Assumption (A2) is true. Then, for any M > ||9|, we have

(i). There exists Thy > 0 such that the problem (1.1) has a unique mild solution uy €
C([0, Ty, R).

(i1). If w,uw are mild solutions of the problem (1.1) on [0,T] then u = .

(i11). Put Ty = sup {T : the problem (3.4) has a unique mild solution on[0,T|}. The the
problem (1.1) has a unique mild solution on [0,Ty]. Moreover, we have either Ty = 400 or

lim, - Jug (1)) = +o0.

Proor. For A > 0, we define the function f, as follows

B Au(t)
pultult) = 1 (1 i)

We can easily to verify that

[fa(t, u(t)) = falt,0(@))] < Ly(A)E[u — vl (3.7)

for any u,v € R. We consider the following problem

1

v(t) = 9(t) + m/{) (t —7)* L fa(r, v(7)) dr. (3.8)

From the singular Lipschitz condition (3.7) and Theorem 3.2, we find that the equation (3.8)
has a unique solution vy r € C([0,T],R) for any T > 0.

(i). We choose A = M, then the equation (3.8) has a unique solution vy r € C([0,T],R)
for any 7" > 0. Since |vp7r(0)] = [9(0)] < M, by the continuity of the function v 7,
we can find a number Ty; > 0 such that |vyr| < M for any ¢ € [0,T)]. This leads to
fau(t,u(t)) = f(t,u(t)) for all t € [0,Th] and u = vy satisfies the equation (3.1), which is
a mild solution of the problem (1.1). The proof of part (i) is done.

(ii). Assume that u,u are two mild solution of the problem (1.1) on [0,7], we put
A = max{|[ul, [ull}
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and consider the equation (3.8). It is clear to see that f(¢,u(t)) = f(¢,u(t)) and fa(t,u(t)) =
f(t,u(t)) for all t € [0,T]. These imply that u,u are solutions of the equation (3.8). By the
uniqueness of solutions of the equation (3.8), we obtain u(t) = w(t) on [0, T]. This completes

the proof of part (ii).

(iii). For T" € (0,Ty), we denote by vr the unique solution of the equation (3.8). For
all 0 < T7 < Ty < Ty, we find from part (ii) that vy, = vp, on [0,77]. Thus, we can put
urg, (t) = vp(t) for all t € [0,7] and 0 < T' < Tyy. We obtain up, being unique mild solution
of the problem (1.1) on [0, Ty).

Next, we suppose that Ty < +o0o and supy<;.r, [ug(t)] < M < +o0o. We consider the
equation (3.8) with g = M and denote its solution by up. for some 7% > Ty. By the
uniqueness of solution, we get urp, = up- for all t € [0,7y). Since up~ is a continuous
function, so, we can find 0 < ¢ < T* — T} such that ||uci7,|| < M. Hence, the problem (1.1)
has a mild solution on [0, e + Ty], which is a contraction with the definition of Ty. So, if

Ty < 400 then lim, ;- |ug(t)] = +00. The proof of part (iii) is finished. O

Next, we show that under some appropriate assumptions mild solutions of the problem

(1.1) blow-up at finite time. Indeed, we have the following theorem.

Theorem 3.6. Let 0 < o <1 and 0 < v < «, and let 9 be defined in (3.1). Assume that
Assumption (A2) holds. Assume that inf,;>o9(t) = 6 > 0 and there exists C > 0 such
that f(t,u(t)) > Clu(t)|P with p > 1. Then, the problem (1.1) admits a unique mild solution

1—p 1/
u € C([0,Ty],R). Furthermore, |u(t)| — +o00 ast — Ty and Ty < (00(1:(3)) '

PRrROOF. Using Theorem 3.5, we conclude that the problem (1.1) has a unique mild solution
u € C([0,Ty],R). For any 0 < T < Ty and 0 < t < T, we have

u(t) = J(t) + ﬁ/{) (t — 1) f(r,u(r)) dr
C o[ »
>0+ 5T /0 u(F)P dr.
Put c .
G(t) =60+ mTa_l/o |u(7)|P dr.
We have u(t) > G(t) > G(0) =6 > 0 and G'(t) = %T‘kl(u(t))p > %T‘kl(G(t))p. The
latter inequality implies that
1 1-p 1-p ¢ a—1
pTl ((G(O)) (G(t)) ) > mT t



Nguyen Minh Dien - Volume 4 - Issue 4 - 2022, p.18-31.

Letting ¢t = T', we obtain from the latter inequality that

1 1—p C
— > —T
S (GON' 2 s
This leads to y
lef(a)> “
T<|——<t )
B (C (p—1)

Letting T' — Ty, we obtain

This completes the proof of Theorem. n

Theorem 3.7. Let o > 0 and 0 <y < min{1, a}, and let ¥ and 9, be defined in (3.1) and
(3.5), respectively. Assume that Assumption (A2) holds. Assume further that Ty, Ty, are
the mazximal existence interval of the equation (3.1) and (3.5), respectively. Then, for any

Ty € (0,Ty), there exists jo > 0 such that Ty, > T for any j > jo. Moreover
Uq, =+ U i C([0,Tp],R).

PROOF. For A > ||u,||, we define

Au(t)
faltu() = f (t’ max{A, |U(t)‘}) '

We have fa(t,u(t)) = f(t,u(t)) for all |Jul| < A, and
[fat, u(t)) — fat, o(8)| < Ly(A)E7[u— vl.

We consider two following equations

1

aalt) = 000) + /O (£ = )2 fo (7, upa(7)) dr, (3.9)

1 ' a—1
() /0 (6 = 7)* fa(Ts un (7)) dT. (3.10)

UA’aj (t) = 19(t) +
We infer from theorem 3.2 that the equations (3.9) and (3.10) have unique solution in

C([0,00),R). In view of Theorem 3.4, we have
UA 0 - UA,a in C([OaT]7R) (311)

Since [Juq| < A, one gets fa(7,uq(7)) = f(7,ua(7)). By the uniqueness result, we obtain
Upa(t) = uq(t) on [0, Tp]. From (3.11) and |lu,|| < A, we can choose jy such that HuA,aj H <A
for any j > jo. So, fa(7T,una,(T)) = f(7,ura,; (7)) and up ., = s, is solution of equation
(3.5) as j > jo and HuAMH < A. Thus, one has Ty < Ty, for j > jo. Using (3.11, we obtain
the desired result of Theorem. ]
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