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ABSTRACT

In this paper, we consider the Robin-Dirichlet problem for a system of nonlinear pseu-
doparabolic equations with viscoelastic term. By the Faedo-Galerkin method, we first prove
the existence and uniqueness of solution for the problem. Next, we give a sufficient condition
to get the global existence and decay of the weak solution. Finally, by the concavity method,
we prove the blow-up result of the solution when the initial energy is negative. Furthermore,
we establish here the lifespan of the solution by finding the upper bound and the lower bound
for the blow-up time.

Keywords: Nonlinear pseudoparabolic equations; Faedo-Galerkin method; Local existence;
Blow-up; Lifespan; The global existence and decay of weak solutions.

1 Introduction

In this paper, we consider the initial-boundary value problem for the system of nonlinear pseu-
doparabolic equations with the Robin-Dirichlet boundary conditions as follows

( Ut — M Utzpr — 8816 (1 (z, t)uy) = f;;(x,t,u,v,ux,vx), 0<zr<l,0<t<T,
UVt — AoVt — % (po(x, t)vy) + /0 g(t — 8)vze(x, s)ds

= fo(x,t,u,v,uy,v;), 0 <z <1,0<t<T,
10, 1) — Cu(0, ) = u(1,£) = v(0, ) = v(1,£) = 0,
C (u(z,0),v(z,0)) = (ao(x), vo(z))
where ¢ > 0, A1, A2 > 0 are given constants and g, p;, fi, (i = 1,2), @9, U9 are given functions satisfying

conditions specified later.
The pseudoparabolic equation

(1.1)

Up — Uggt = F (2,8, Uy Uy, Ug, Ugt), 0 <z <1, t >0, (1.2)

with the initial condition u(x,0) = tug(z) and different boundary conditions has been extensively
studied by many authors, see for example [3], [8], [10]- [15], [18], [20], [22] among others and the
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references given therein. In these works, numerous interesting results related to existence, asymptotic
behavior, blowup, and decay of solutions were obtained.
An important special case of the model (1.2) is the Benjamin-Bona-Mahony-Burgers (BBMB)
equation
Ut + Uy + Uy — VUgy — QP Uggy = 0, (1.3)

it was studied by Amick et al. [1] with v > 0, o =1, z € R, ¢t > 0, in which the solution of (1.3) with
initial data in L' N H? decays to zero in L? norm as t — +oo. With v > 0, a > 0, z € [0,1], t > 0, the
model has the form (1.3) was also investigated earlier by Bona and Dougalis [2], where uniqueness,
global existence and continuous dependence of solutions on initial and boundary data were established
and the solutions were shown to depend continuously on v > 0 and on a > 0. The results obtained
in [1] were developed by many authors, such as by Zhang [23] for equations of the form

Up — Vg — Uggt — Uz + U Uy = 0, (14)

where m > 0, see Meyvaci [8].

The linear version of (1.2) was first studied by S.L. Sobolev [17] in 1954. Therefore, the equation
of the form (1.2) is also called a Sobolev type equation. Mathematical study of pseudo-parabolic
equations goes back to works of Showalter (see [14]- [16]) in the seventies, since then, numerous of
interesting results about linear and nonlinear pseudoparabolic equations have been obtained. It is
also well known that the work [16] is the first paper on nonlinear pseudoparabolic equation. These
equations appear in the study of various problems of hydrodynamics, thermodynamics and filtration
theory, see M. Meyvaci [8] and the references given therein.

The problem (1.1) is a kind of viscoelastic pseudoparabolic problem, the Volterra integral in the
second equation of (1.1) is a memory term, also known as called the viscoelastic term, is the cause
of viscoelastic damping. In recent years, much attention has been paid to pseudo-parabolic equations
with memory terms or viscoelastic terms. For instance, Shang and Guo [13] proved the existence,
uniqueness, regularities of the global strong solution and gave some conditions of the nonexistence of
global solution for the nonlinear pseudoparabolic equation with Volterra integral term

w — f(U) gz — Ugat — /0 At —s) (0 (u(z, s),uz(z,5))), ds = f(x,t,u,u,),
0<zx<l1,t>0. (1.5)

In [18], Sun et. al. considered the Dirichlet problem for the nonlinear pseudoparabolic equation with
a power source term and a memory term as follows

t
up — Au — Auy + / g(t — 7)Au(r)dr = |ulP "2 u, in Q x (0,7),
0

u=0,o0n Q2 x (0,7),
u(0) = ug, in Q,

(1.6)

where ) is a bounded domain of R™ (n > 1) with smooth boundary 99Q, p > 2, T' € (0, cc], ug € H*(£2)
and g : Ry — R, is a positive nonincreasing function. The authors used the Levine’s classical
concavity method and the improved potential well method to obtain the global existence and the
finite time blow-up phenomena of solutions.

Recently, in [10], the following initial boundary problem for a nonlinear pseudoparabolic equation
containing a viscoelastic term

t
w= (00400 1) e+ 20+ [ (0= 9) () + Sl
= f(z,t,u), 1 <x <R, t>0, (1.7)
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has been considered, and the results of existence, uniqueness, blow-up and decay estimates of the
solution for (1.7) have been proved. Furthermore, the authors also established the lifespan for the
solution via finding the upper bound and the lower bound for the blow-up times. Generalizing the
results in [10], the authors in [12] studied general decay and blow-up of solutions for the following
pseudoparabolic nonlinear equation of Kirchhoff-Carrier type with viscoelastic term

s - (M (t I a2 ) +a () ;) (s + 1) (1.8)

+/0 g (t - 5) (ux:c(s) + éux(s))ds

= f(z,t,u,uz,up), 1 <ax <R, t>0,

associated with the initial condition and the nonlocal boundary condition (1.7)2 3, in which ||u(?) H(2) =

R R
/ au? (z, t)dz, |lu(t)|? = / zul(z, t)dz + Cu?(1,t).
1

At the present time, to %he best of our knowledge, there are many publications on properties of
solutions to single parabolic/pseudoparabolic equations, but it seems that there are relatively few
results for systems of these types. We refer to some results as in [3], [4]- [6] and the references therein.
And recently in [11], Ngoc et. al. have also considered the initial-boundary value problem for the
system of nonlinear pseudoparabolic equations with Robin-Dirichlet conditions and established here
the existence, uniqueness, blow-up and general decay of solutions.

Inspired and motivated by the idea of the above mentioned works, we study the existence, unique-
ness, blow-up and general decay of solutions for Prob. (1.1). This paper consists of three sections.
Section 2 presents preliminaries and Section 3 presents the main results. In Subsection 3.1, by
using the linear approximating method together with the Galerkin method, we establish the lo-
cal existence and uniqueness of a weak solution. Subsection 3.2, we consider Prob. (1.1) with
filz, t,u,v,ug,v5) = fi(u,v) + Fi(x,t), i = 1,2, and prove a sufficient condition for the global ex-
istence and decay of solution via the energy method. Finally, Subsection 3.3 is devoted to the study of
the blow-up property for Prob. (1.1) in the special case f;(z,t,u,v,u,,v;) = fi(u,v), i = 1,2. Based
on the concavity method and the improved potential method, we describe the blow-up phenomenon of
solution with negative initial energy.This section also derives the lifespan for solution via finding the
upper bound and the lower bound for the blow-up time. The results obtained here relatively generalize
the results in [10]- [12] and those are based on applying the methods and technics in [9], [11].

2 Preliminaries

First, we put Q = (0,1), Q7 = Q x (0,7), T > 0 and denote the usual function spaces used in this
paper by the notations LP = LP(Q2), H™ = H™ (Q) . Let (-,-) be either the scalar product in L? or the
dual pairing of a continuous linear functional and an element of a function space. The notation ||-||
stands for the norm in L? and we denote by |||y the norm in the Banach space X. We call X’ the
dual space of X.

We denote LP(0,7; X), 1 < p < oo the Banach space of real functions w : (0,7) — X measurable,
such that ||ull 1, r,x) < +0o0, with

T 1/p
([ ) it 1<,
||u||Lp(o7T;X) = 0
esssup |[u(t)| x , if p=o0.
0<t<T
ou 9%u ou
Denote u(t) = u(xz,t), u/'(t) = w(t) = a(m,t), u'(t) = uu(t) = w(w,t), ug(t) = %(x,t),
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0%u
: k * 4 af 8f

With f € C*([0,1] x [0,T*] x R*), f = f(z,t,y1,- - ,y4), we put le:%, DQf:E’ Diiof =
0
8;’ i=1,--,4and D*f = D{*---Dgf, a = (ou, -+ ,a6) € Z8, |a| = an + -+ + ag < k,
D(év"'vo)f — Dof = f

- . . o I T

Similarly, with p € C*([0,1] x [0,T*]), pp = p(x,t), we set Dip = 5 Doy = 5 Vo DPp =

DY D2y, § = (B, o) € 23, 8] = B+ <k, DO =
On H', we use the norm ||v|| ;1 = (H’U”2 + Hva2> > and we define the following closed subspace
V of H!
V={veH" :v(1)=0}. (2.1)
Then, we have the following standard lemmas concerning the imbeddings of H'! into C°(2) and
of V into CY(Q).
Lemma 2.1. The imbedding H' — C°(Q) is compact, and
lollco@y <V2Ilvllg, Yo € H.
Lemma 2.2. The imbedding V — C°(2) is compact. Moreover, we have
i) Tolloogmy < el Yo € v,
(i) Z5lvllg <llvell < vl Yo e V.
For T* > 0, let ¢ > 0 and py € C* (2 x [0,T*]), py € C° (2 x[0,T*]). On V x V, we consider

the symmetric bilinear forms a(-,-), and the famillies of symmetric bilinear forms {a (¢; -, ')}te[o,Tp
{@'(t:+, ) bepo,r) defined by

a(u, ) = (ugz, x) + Cu(0)¢(0), (2.2)
a (tu,p) = (p1 (t) te, o) + Cua (0,2) u (0) 0 (0),
a' (t;u, ) = (4 (t) ua, 0u) + Gy (0,8) u (0) 0 (0), V(u, ) €V XV, t€[0,T7].
Then we can prove the following properties without difficulty.
Lemma 2.3. Let ¢ > 0 and py, py € C°(Qx [0,T]) such that pi(z,t) > py > 0 for all (z,t) €
Q x [0,T]. Then,
(i) The symmetric bilinear form a(-,-), and the family of symmetric bilinear form {a (t;-, -)}te[O’T]
defined by (2.2) are continuous on V x V and coercive in V.
(ii) The family of symmetric bilinear form {a’(t;-, ')}te[o,T*} defined by (2.2) are continuous on V x V.
Moreover, we have
a(u,u) > |]u$H2, Yu €V,
|a (u, )| < (14 Q) [[uall [zl , Yu,p €V,
a(t;u,u) > el > pllug|®, VeV, ¢ €(0,77,
(0. 9)| < lim oo e lull el
< llmllcoaxgo.rgy X+ luall el Yu, o €V, t € {0,177,
@ (5w, 9)| < [l1m] co e oz
S "Mi“CO(QX[O,T*] (1 + C) Hudf” HQOJEH ) VU,QO € V7 te [OaT*] )

)
)l il
)

i which

lul| ,=va (u,u), Vu e V.

4



Thu Dau Mot University Journal of Science - Volume 5 - Special Issue - 2023

3 Main results

3.1 The existence and uniqueness of a weak solution

Consider T* > 0 fixed. We make the following assumptions:

(Hy) (t0,%0) € (H*NV) x (H*N HY), tio.(0) — Ctio(0) = 0
(Hs) p1, p2 € C%([0,1] x [0,T%]), and there exist the positive constants
Wi, p2s such that p; (x,t) > pis, ¥ (z,t) € [0,1] x [0,T%],i=1,2;
(Hs) g€ H'(0,7%);
(Hy) fie CH([0,1] x [0,T%] x RY) , i = 1,2, such that
f1(17 t,0,0,ys, y4) - f2(17 t,0,0,ys, y4) = f2(07 t,y1,0,ys, y4) =0,
vt € [0,17°], Yy = (y1,y3,91) € R®.
For each T' € (0, 7], we denote
Wr = {(u,v) € L* (0, T;(H*NV) x (H*N HY)) : (3.1)
(W, v") € L= (0,T; (H*NV) x (H* N H})) Y,
Wi (T) = {(u,v) € C°([0,T}; V x Hy) : (u/,v) € L* (0, T;V x Hp) },

are Banach spaces (see Lions [7]) with respect to the norms

(s 0) vy

(3.2)

= mae {1, 0)l| e ozt a2y |8 0| oo 0.2 arze e o) -
H(Ua’U)le = [|(u, ”)”co (0,1, xHY) T H(“ v )HL2 (0.T;VxHY) "

Definition 3.1. For each T € (0,7*], a couple of functions (u,v) € Wy is called a weak solution of
Prob. (1.1) if and only if (u,v) satisfies the following variational problem

(W'(2) 0) + Ma(u'(t), ) +altult), ) = (filu, v](1), @),
(V' (1), 9) + A2 (v (1), ) + (u2(t) v2(t), o) —/0 (t = s) (Va(5), tha)ds+ (3.3)
(falu, v](t), ),

for all (p,1) € V x H}, and a.e. t € (0,T), together with the initial condition

(u(0),0(0)) = (@0, vo) , (3.4)
where
filu,v](z,t) = fi(z, t,u(z, t),v(z, t), up(z, t), v (x, 1)), i =1,2. (3.5)
For each M > 0 given, we set the constant
Bp(M) = {(u,v) € Wr : [[(u, v)[lyy,, < M}. (3.6)

Now, we establish the following recurrent sequence {(ty,, vy, )}. The first term is chosen as (ug, vo) =
(0,0), suppose that
(um_l,vm_l) S BT(M) (37)

Find (um,vm) € Br(M) (m > 1) satisfying the linear variational problem

(U (£), ) + Malup, (1), ) + at; um(t), ) = (Fim(t), ¢),
<v§n(t)ﬂ/)t> + A2 (V) (1) Yu) + (i (8) vma (8), Ya)

= /0 g (t — 8) (Vma(8), Yu)ds + (Fom(t),¥), V(p, %) € V x HY, a.e. t € (0,T),

(um(0),vm(0)) = (o, 0o) ,

(3.8)
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in which
Fim(x,t) = fi[um_l,’l)m_l](l’,t), 1= 1, 2. (39)
Then we have the following theorem.

Theorem 3.2. Let (Hy) — (H4) hold. Then there exist constants M, T > 0 such that, for (ug,vo) =
(0,0), there ezists a recurrent sequence {(tm,vm)} C Br(M) defined by (3.7)-(3.9).

Proof. The proof of Theorem 3.2 is based on the Faedo-Galerkin approximation (introduced by Lions
[7]) associated with a priori estimate, thereby deriving weakly converging subsequences in appropriate
function spaces via the compact imbedding theorems. Here, the Banach’s contraction principle is also
used to prove the existence of a Faedo-Galerkin approximation solution. O

The convergence of the recurrent sequence {(um, vm)} to the weak solution (u,v) of Prob. (1.1) is
given by the following theorem, whose proof can be referenced in [11].

Theorem 3.3. Suppose that (Hy) — (Hy4) are satisfied. Then, the recurrent sequence {(Um,vm)}
defined by (3.7)-(3.9) converges strongly to a couple of functions (u,v) in Wi(T) and (u,v) € Bp(M)
is the unique weak solution of Prob. (1.1). Moreover, we have the following estimate

[ (wms vm) = (W, V), ¢y < Crk7, for all m €N, (3.10)

where kp € [0,1) and Cr is a constant depending only on T, f1, fa, g, p1, p2, to, Vo and k.

3.2 General decay of the solution

In this subsection, Prob. (1.1) is considered in the form
0
Up — AN Utgz — E (1 (x, t)ug) = fi(u,v) + Fi(z,t),0 <x <1,t>0,
8 t
Vp — AUtz — =— (po(x, t)vg) + / g(t — 8)vge(x, s)ds
8.%' 0

(3.11)
= fo(u,v) + Fo(z,t), 0 <x < 1,t >0,

where ¢ > 0; A1, Ay > 0 are given constants and g, 0o, g, ii, fi, F, (i = 1,2), are given functions
satisfying conditions specified later.

3.2.1 Local existence and Uniqueness

Based on the results obtained in Subsection 3.1, we can propose the following assumptions to
get the local existence and uniqueness of a weak solution for Prob. (3.11).
(Hy) (@0, %) € V x H;
(Hy) a1, po € CH([0,1] x Ry), and there exist the positive constants i1, fios
such that p; (z,t) > i, V(x,t) € [0,1] x Ry, i =1,2;
(H3) g€ CH(R4+;Ry);
(Hs) There exist the function F € C? (R?*;R) and the positive constants

dy >0, a > 2, 8> 2, such that
oOF OF
i) = = = = R2
(1) ou fl(uaf;)a v fg(U,U), V(U,U) € )
(ii) F(u,v) < dg <1 + Jul* + \v\’3> , V¥ (u,v) € R
(Hs) F;eL?(Ry;L%),i=1,2.
Using the standard arguments of density and Theorem 3.3, we obtain the following theorem.
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Theorem 3.4. Let (Hy) — (Hs) hold. Then, there exists T > 0 such that Prob. (3.11) has a unique
solution (u,v) satisfying

(u,v) € CO[0,T]; V x HY) va (u',v) € L*0,T;V x H}).

3.2.2 Global existence and general decay of the solution

We strengthen the following assumptions

(H1) (t0,%0) € V x H;

(D) p1, p2 € CH([0,1] x Ry), and there exist the positive constants i1, fiox
such that p; (z,t) > pi, p) (2,t) <0,V (z,t) € [0,1] x Ry, i =1,2;

(D3) g€ CYRy)N LYR,), and there exists the function ¢ € C* (Ry) such that
(i) ¢'(t) <0< ((t),Vt>0, / ¢(t)dt = +oo,
(i) ¢'(t) < —=C(t)g(t), 0 < g(t) < g(0), Vt = 0,
(iii) Ly = pox —/ g(s)ds > 0;

0

(D4) There exists the function F € C? (R%R) and the positive constants
dy>p,dy>0,¢>2,q>2(=1,---,N), such that
(i) D1 F(u,v) = fi(u,v), DoF(u,v) = fa(u,v), ¥ (u,v) € R?,

(
(ii) wfi(u,v) +Uf2]\(fu ,v) < doF(u,v), ¥V (u,v) € R2,

(i) F dy Y (Jul™ + [v|™), ¥ (u,0) € RZ;
=1

(Ds) F;e€L? (R+, L2) such that there exist two constants Cy > 0, 59 > 0,
satistying || Fy(t)]|* + || Fa(t)]|> < Coe 0%, Vit > 0;

d
(Dg) p > max{2,ds}, and 0 < g(oo) < g 277d .

Remark 3.5. We give an example of the functions g(t), fi(u,v), fa(u,v) satisfying (D3), (D4) as

below
o) = oexp (- [ cloras)

f1(u,v) = aky ]u\a_g u+ arks |ul
fo(u,v) = Bka 0" 2 v + Biks |u|* v 2 v,

o1 —2 u Mﬁl 7

where o, k1, k2, k3 > 0, o, B, a1, B1 > 2 are constants, ( € C* (R) such that {'(t) <0 < ((t), Vt >0,

/Ooo ¢(t)dt = +oo.

Now, we consider the Lyapunov functional defined as follows
L(t)=E(t)+dV(t), t >0,

where 6 > 0 is chosen later and

B(t) = S B(1) ~ F(t) = 5B(t) ~ F(1) = (; - ;) B(O) + 1) (3.13)
W) = L O + 5 11 + 22 )1 + 22 o0 1)
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in which

(1) = (9:0u) (1) + (9 +0)(0) + altu(t), u(e) + || Vi O 0)| = 96) Ieale)

E(t) =
/ F (u(zx,t),v(x,t))dx,
= E(t) — pF(t),

(9% v)(t) = /0 g(t = 5) llos(t) — va(s)] ds,
) = [ ateyas
(@:00(0) = [ gult =) ()] as.

(3.15)

with g.(t) = 25\*6_2E*t, where ky, A\, are the positive constants sucth that k, > 0,0 < A\, < 1

In the following, we prove that if

1(0) = a(0; 70, o) + || V2 (0) o

) 1
—p/ F(to(z), p(z))dx > 0, and if the initial energy is small
enough, then global existence is obtained and the energy of the solution decays as t — +oo.

First, we estimate E’(t).

Lemma 3.6. Suppose that (H,), (D3) — (Dg) hold. Then

E'(t) < O—A-——)O\ DI + v @) (3.16)
- B9 0u)(t) = 3¢ 0)(0) + 5 pr(E),

Ver > 0, VE > 0, in which pi(t) = |FiL(t)|]> + | F2(2)]]%.

Proof. Multiplying the equation (3.11) by (u/(z,t),v'(x,t)) and integrating on (0, 1), we get

1 1
E() = @momm+éuwm)@om (3.17)
= (=2 [ O = IO = A @ = 2 @]
~ Falga0u)(1) + 59"+ 0)(8) = 390) () + (Fy(6), ' (0)) + (Fal) /().
On the other hand, we have
(3.18)

1
a'(t;u(t), u(t)) —i—/o iy (z, t)v2(x, t)dx <0,

(F(0).0(0) + (R0, 0) < 5 (W@ + [V OI) + 5=

1 1
Lo o)) < (g # ) (1), V1 > 0, i >0
Then, (3.17) and (3.18) lead to (3.16). Lemma 3.6 is proved. O

Next, using Lemma 3.6, we prove the following lemma in order to obtain the global existence
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Lemma 3.7. Assume that (D2) — (Dg) hold. Let (g, 00) € V x H} such that I(0) > 0 and the initial
energy E(0) satisfy

N N
n* = L, — pdy max {Z R%—2, Z Rzi_2} > 0, (3.19)
i=1 i=1
- 00 d2,',]>k
0<g(o0)= [ gls)ds < L
0 p—do
with
Ly = min {1, p2x — g(oo)} > 0, (3.20)
2pF,
R* — e
E,=E(0) + ; /00 <||F1(t)||2 + ||F2(t)|]2> dt.
)

Then I(t) > 0, Vt > 0.
Proof. By the continuity of I(t) and I(0) > 0, there exists T} > 0 such that
I(t) = I (u(t),v(t)) >0, Vt € [0,T]. (3.21)

It follows from (3.13), (3.21) that

B0 > 222 [(0:00)(®) + (02 0)0) + L (@I + los0I7)], v e 0.7 (322)

Combining (3.16) in Lemma 3.6 and (3.22), we get

2pE(t) < 2pE.

w2 + eI < P50 < T = B e 0T (3.23)
Based on (D4) i), (3.23), it gives
R 1 — N —
pﬂwsz.FWWJ»wawnmgp@§jmmww%+www%g (3.24)
B N N B -
gmbmw{Ejmy%}jR%Q}Qwumi+wAwW)
=1 =1
Therefore

1(t) = (9.0u)(t) + (9. 0) (&) + 1 (I + oa(OIP) = 0, ¥t € [0, T3], (3.25)

Put Too = sup {71 >0:I(t) >0, Vt € [0,T1]}.

Suppose that Th, < +00, by the continuity of I(t), we have I(Tx,) > 0.

If I(Tw) = 0, using the similar argument as in [11], it implies from (3.25) that 1(0) = 0. This is
a contradiction, since I(0) > 0. Thus, I(Tx) > 0.

By the same arguments as above, we can deduce that there exists T, > Tho such that I(t) > 0,
Vt € [0, Tio]. This is a contradiction to the definition of Th,. Hence, T, = +00, i.e. I(t) > 0, Vt > 0.
Lemma 3.7 is proved. [l

Next, we establish the decay of the solution of (3.11). For this goal, we put

Eq(t) = (9-0u)() + (g% 0)(8) + [lu(®)5 + [loa()]* + 1 (), (3.26)

and we prove two lemmas (Lemmas 3.8, 3.9) below.

9
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Lemma 3.8. There exist the positive constants B1, B2, B1, Bo such that

(i) BiE1(t) < L(t) < B2E1(t), Yt >0, (3.27)
(i) B1EA(t) < E(t) < BoEr(t), Yt = 0.
Proof. The proof of Lemma 3.8 is not difficult, so we omitt it. O

Lemma 3.9. The functional VU(t) satisfies the following estimation

V(1) < (1 1 ) (9= 0)0)+ 2 (g0 - 22100 (3.28)

2¢e3 p

{(1_@‘;2 : <1— i) o ] )2
a0y (12 %) - 2 - (2 1= L) gto0)| It + 5

for all &, € (0,1) and ey, e3 > 0, where p1(t) = | FL(t)||* + || Fa(t)||* .

Proof. By multiplying (3.11) by (u(x,t),v(z,t)) and integrating over (0, 1), we get

V(1) = ~a(tu(t), u(t)) |V (1) / (£ — $)(vs(s), va(1))ds (3.29)
+ (fi(u(t),v(t)), u(t)) + (fo(ult), v(t)),v(t)) + (F1(t), u(t)) + (Fa(t), v(t)).

On the other hand, we have

(Fu(®),u(®) + (Fa(t),v(t) < 2 (JuOI2 + oa)I) + 5 D) (3:30)
t 1 € _
| ot = 9eats)va®ras < o eo)0) + (G +1) a0 a0

(frlu(t),v(t)), u(t)) + (f2(ult), v(t)), v(t))

giz[(g*Ou)(t)—i—(g*v)()—i—a(tu )+ | Vi@ )| — a0 s )H]

dy 51d
= (=) () + e 0)?) = Z210)

Then, it follows from (3.29), (3.30) that (3.28) holds. Lemma 3.9 is proved. O
Based on the above results, we deduce the main result in this subsection as follows.

Theorem 3.10. Assume that (D3) — (Dg) hold. Let (i, ) € V x HY such that 1(0) > 0 and the

initial energy E(0) satisfy (3.19). Then, there exist positive constants C, v such that

a2 + s (®)])? < Cexp (-v /OtC(s)ds> V>0, (3.31)
Proof. First, by the definition of £(¢) and the inequalities (3.16), (3.28), we get
£t <= (1% =) (WO + I O) = ds(g-0u)(t) (3.32)
#a(g +0)(0) ~ "2 10) = 601 )12 - 82 a1 + 5 (24 2 ) o)

10
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with
1 do
dg =5+ 3.33
5 2€3+ p’ ( )
~ ~ d . d e
01 = 01(d1,62) = [(151) ey +(1p2> H1*22:|a
0 0 da do €9 €3 do\ _
62:9261782753 :|:1_51 7]*+<1—>M2*——<+1_>goo:|’
(br.2020) = (1= ) - 2 (21 o)
- od
O3 = ky — —2.
p
By p > ds a1r1d0<§(oo)<p2 7 + p2«, we also have
)
. o dQ d2
1 0,001, 20) = o+ (1 2) s >0, 3.34
514)04_1,1,1812*)04,_ 1( ! 2) pn ( p>'u1 ( )
. ~ da da da _
! B( = | =0 (1= = Jpo— (1= — .
51_>0+7821_{%+783_>0+ 2(01,€2,€3) [pn +( p>u2 < p)g(oo)} >0

Thus, we can choose §; € (0,1) and 3, €3 > 0 small enough such that

51 = 51(51,62) > 0, 52 = 92(51,62,63) > 0. (3.35)
With 1 — \, > 0, we also can choose § > 0 and €1 > 0 small enough such that
b= k-0 1-x -2 (3.36)
D 2
Put 56.d
0* = min {(551, (552, 53, 172 } y (337)
it implies from (3.32), (3.33), (3.36), (3.37) that
1/1 )
L'(t) < —0.E1(t) + (0. + dd3) (g xv)(t) + 3 <5 + 8) p1(t). (3.38)
1 2
Combining (3.16) and (3.38), it leads to
C(H)L'(t) < =0, () EL(t) — 2 (04 + dd3) E'(t) + Cre 0, (3.39)
. ~ 0, + 6ds 1 1 5 _
For convenience, we consider the new functional L(t) = ((t)L(t) 4+ 2 (6« + dds) E(t), then
L(t) < [€(0)Bs + 2 (0 + dd3) B2] Er(t) = B3 Ex(t), (3.40)
and 9
L'(t) < —0.((t)Ey1(t) + Cre 0t < —B—*C(t)L(t) + Che ot (3.41)
3
Choosing 7, 0 < 7 < min{e_—*, l}, from (3.41), we obtain
B3 ¢(0)
L'(t) + 5¢(t) L(t) < Cre 0t (3.42)
Integrating (3.42), we deduce that
L(t) < (L(O) + i ) exp < / C(s ) (3.43)
- Yo —7¢(0 '
Hence, (3.27) and (3.43) lead to (3.31). Theorem 3.10 is proved completely. O

11
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3.2.3 Blow-up and lifespan of the solution

This subsection is devoted to the study of the blow-up property for Prob. (3.11) when F} = F» = 0.
First, we make the following assumptions
(Hi) (@0, %) € V x H;
(B2) p1, p2 € CL([0,1] x Ry), and there exist the positive constants ji1., po«
such that  p; (z,t) > piw, p; (z,t) <0,V (z,t) € [0,1] x Ry, i =1,2;

(B3) g€ Cl( +) N L'(R,), such that

(i) g(t)>0,¢ ()<0Vt>0
(i) pros — g(s)ds >0,
0
2) pox . .
(iii) / g (s)ds f 1))/;2 with g, = min{ 1., o}
0

(Bs) There exists the function 7 € C? (R?R) and there exist the positive
constants d; > p, such that
(i) D1.F(u,v) = fi(u,v), DaF (u,v) = fa(u,v), V (u,v) € R?, i =1,2,
(i) wfi(u,v) +vfa(u,v) > diF(u,v) >0, ¥ (u,v) € R

Remark 3.11. The functions fi(u,v), fa(u,v) given in the example of Remark 3.5 also satisfy (By)
(7).
Now, we consider the symmetric bilinear forms a; (-,-), (i = 1,2), defined by
a1(u, p) = (u, ) + Aa(u, ), (u,0) €V xV, (3.44)
dg(U,T/J) = <Ua¢> + )\2<U3:7'¢w>a (an) € Hé X H(l)v
and define the norms
a(u,u), u eV, (3.45)
dQ(U,U), v E H(1)7

ar
as

We can rewrite W(¢) in (3.14) as follows

w(t) = 5 (IO, + @I, (3.46)

We also consider the functional E(t) defined by

Bt) = 5o+ 0)0) + ja(tu), ) + 5 (| Vi@u)| - a0 ) -Fo. @an
with .
= /0 F(u(z,t),v(z,t)) d. (3.48)

We note more that E(t) is the functional E(t) as in (3.13), with respect to g, = 0. Furthermore,
E(0) = E(0).

Lemma 3.12. Assume that (H,) and (By) — (By) hold. Then we have

o [0+ [ (WOl + o) o] <o 0

Moreover, the following energy inequality holds
— t —
E(1) +/0 (Hu’(s)Hzl + ||v'( Haz) ds < E(0). (3.50)

12
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Proof. Multiplying the equation (3.11) by (u/(z,t),v'(x,t)) and integrating on (0, 1), we obtain

few [ (ol + eIz o] sy

1
:% [a/(t;u(t),u(t)) —i—/o iy (z, )02 (z, t)dx] ;(g’*v)( £ — % (0) [loat )H2 <0,

for any regular solution (u,v). We can extend (3.51) to weak solutions by using density arguments.
Combining (Hp) and (Bz) — (By), Lemma 3.12 is proved. O

Theorem 3.13. Assume that (B2) — (By) hold. Then, for any initial conditions (ip, %) € V x H}

such that E(0) < 0, the weak solution of the Prob. (3.11) with respect to Fy = Fy = 0 blows up at

finite time and the lifespan T of the solution (u,v) satisfies
— - 1Hv

Too < 8@—2)_(0) = Tmax, (3.52)
p(p —2)2E(0)
Furthermore, if in addition the following assumptions
(B4x) There exists the constant dy > p such that
(i) wfi(u,v) —l—vfg(u v) < doF(u,v), V (u,v) € R?, V (u,v) € R?,

(i1) F(u,v) Z [l + [v]|%), ¥ (u,v) € R%, V (u,v) € R?;
* 4 _ —8(p-1)¥(0)
o) Joo G = 90— 2PE ()
in which
_ 4g(o0) - qi/2 qi/2
G1(2) = L2224 (L+da)ds Y <z s ) (3.53)
* i=1

_ 9 qi/2 2 ai/2
/\*:min{)‘la)‘Q}v d3 = dy max <)\> ’<)\> s i=1,- Ny,

then, the blow-up time T, satisfies

*  dz :
Too > / =Tom. 3.54
T(0) G1(2) ( )

Remark 3.14. The assumption (Bs.) holds if A« = min{A1, A2} is small enough.

Proof. We first prove that the solution (u,v) obtained here is not a global solution in R, . Indeed, by
contradiction, we will assume that the weak solution exists in the whole interval R
—pE(0) 29 (0) pr?
For E(0) < 0,1let 0 < 8 < , T > , and Tp >
W v 177 Bp-2) (0~ 2Br 20 (0)
auxiliary functional I": [0,7p] — R as follows

, we define the

I(t) :2/t\I/(s)ds+2(T0—t)\If(O)+B(t—|—T)2, 0<t<Tp. (3.55)
0
By direct computation, we have
' (t) =2¥ (t) =2V (0) + 28 (t+7) =2 /t U'(s)ds+26(t+7) (3.56)
0

:2/0 o (' (3),u(s))ds+2/0 Gs(v' () v (s))ds + 2B (t + 7,

13
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and
I (t) =2V (t) + 28. (3.57)

Because of (3.55) and (3.56), it implies that I (¢) > 0 for all ¢ € [0, Tp] and I” (0) = 287 > 0.
Using the Cauchy-Schwarz, it follows from (3.56) that

T, ! A / ¢ ~ ol
Sl < [/O Ja (u (s),u(s))\ds+/0 las(v! (s) v (s))| ds + B (¢ +7) (3.58)
<Voi (Vo2 (t) = Vo ()
in which
) =01 (t) oz ( (3.59)
A! @+H Iz, ds+ 6.
= u v S T 2 = S S T 2
—/0 )2, + Io(s) 12, ) ds+ B¢+ 72 =2 [ s+ e+ )2
then, (3.58) leads to
o (t) > i|r’ O, vt e [0,Ty). (3.60)

Therefore, since I' (t) = o2 (t) + 2 (Ty — t) ¥ (0) > o9 (t), we get
2pT () o1 (t) > 2pos (t) 01 (t) = 2por (¢ p\r’ B[ (3.61)

From (3.61), it gives

O 0 - S 0F 22003

I (t) — poy (t)] =2I'(t)D(t), (3.62)
with

D) = %F” () — po1 (2). (3.63)

On the other hand, by multiplying the equation in (3.11) by (u(z,t),v(z,t)), and then integrating
over (0,1), it follows from (3.57) that

D(t) = 6+ V(1) — pou (1) (3.64)
= —a(t;u(t - H\/,ug v (t) H /0 g(t — 8){(vg(s), v (t))ds
+ (fi(u(t), v(t)), u(?)) + {f2(u(t), v(1)), v(1)) (3.65)

o[ [ (W2, + I OI2,) s+ 5],

We can estimate terms on the right hand side of (3.64)

[ ot =@ enas = B0+ (1- 1) (30 ). @00

and

(fulu(®),v(t), u(®) + (f2(u(t),v(t), v(t) = diF(t). (3.67)

14
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Combining (3.47), (3.50), (3.64)-(3.67), we obtain

D(t) = —pF (0) = (p = 1B + (ds — p) F(t) + L2 o) 2
(p—1)% [P0 — 2)p2s 5(00)

2p (p—1)

(3.68)

+

— 2) 2y —pE
p(f? 1));;2 and 0< g < 7 (10)‘
p— p—=

It implies from (3.62) and (3.68) that

because of d; > p > 2,0 < g(oo) <

o2 (0) 1
(p—=2)T"(0) T — ¢’

5l () > V€ [0, tain): (3.69)

where tpin = min{Tj, To,}, with Ty = (19_22)((11)/(0) ,
—pE(0) 2V (0) BT
p—1 7 B2 MM T 9 — 2w (0)

2 (0) 2TV (0) + Br?
(p=2)I7(0)  (p—2)Br

By0< g < , we get

T, = e (0,Ty) . (3.70)

Because (3.69), it gives lim I' (¢) = +oo. This is a contradiction.
t—Ty

Consequently, the solution (u,v) blows up at finite time.

Now, we find a upper bound for T'.
2T,V (0) + 72

(p—2) Bt

It is clear to see that Ty, < , it is equivalent to

T = =25 —2v (o)’

V(8,7) € D (o, %) , (3.71)

in which »
D(ﬂoyfjo): {(/677-) €R2+20<5§ _;;E(lo), T > BZ(\;I(O;)}

(3.72)

2 2
Co;;ic(lz; the function H(r,p) = =2 5:_ 20 (0) = = 2)7;7_ . (B,7) € D (tp, 0p) , with

Blp—2)

—pE (0 OH — 27,

Fixed B,O<B§p7(>.We have —(7,8) = 7(r =27
p-1 or (p—2) (T —7s)
function 7 —— H (7, 8) is decreasing in (74, 274) , and increasing in (274, +00), so

T =

5, VT > T4, this implies that the

I P (0)
H(r, ) > H(27., ) = =2 B2 (3.73)
8w (O) _ _8(p — 1)‘11 (0) __ qmax . a e ¥
2 —pE (O) (p_2)2 - p(p_2)2E(0) _Too ) V(ﬁ, ) ED( 05 0)'
p—1

~8(p— 1)
From (3.71) and (3.73), it leads to Ty, < —o2— V¥ (0)

—————=—> = T2** Hence, (3.52) holds.
oo~ 27E(0) (552

15
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Next, we seek a lower bound for the blow-up time T,,. We have

¥(0) = —attsu(t, )~ [ Vi@ )|+ [ gt =)ol va(t)ds
+ (filu(t), v(t)), u(®)) + (f2(ul(t), v(?)), v(t))-
The terms on the right hand side of (3.74) are also estimated as follows

3

(9 0)() + 53(t) o (D)1,

MM—A
O |

A;Mt—ﬁﬁawhw@»d

<f1(u(t),1)(t)), u(t)> + <f2(u(t),v(t)),v(t)> < d2?<t)7

2
()13 + lloa(8)]1* < )\*‘I’(t)» with A, = min{A1, Ao},
N

EI\W 1%, + [o()]%,) < ds

9\ 4i/2 9\ 4i/2
in which d3 = dy max ()\) ,()\) ,i=1,---,N3.

On the other hand

-

(W)™ + (1)),

B+ F(0) - yatsut). ) - 5 ([|Via@ea 0] - a0 100l ) = 3o 00

Combining (3.50), (3.74)-(3.80), it gives
V'(t) < G1(¥(1),

where G (z) is defined as in (3.53).

By (3.80), it leads to
/t ' (s)ds /q’(t) dz
t> | ————= .
o G1(¥(s))  Jwo) G1(2)

Therefore, we derive the lower bound for T, as follows

*  dz :
Ty > / — qmin,
w(0) G1(2)

Theorem 3.13 is proved completely.
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(3.76)

(3.77)
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